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Preface 


This handbook is a complete desktop reference for stu- 
dents and engineers. It has everything from high school 
math to math for advanced undergraduates in engineering, 
economics, physical sciences, and mathematics. The ebook 
contains hundreds of formulas, tables, and figures from 
Number Sets, Algebra, Geometry, Trigonometry, Matrices 
and Determinants, Vectors, Analytic Geometry, Calculus, 
Differential Equations, Series, and Probability Theory. 

The structured table of contents, links, and layout make 
finding the relevant information quick and painless, so it 
can be used as an everyday online reference guide. 
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Chapter 1 
Number Sets 


1.1 Set Identities 


Sets: A, B, C 

Universal set: I 
Complement: A’ 

Proper subset: AC B 
Empty set: 2 

Union of sets: AUB 
Intersection of sets: АСВ 
Difference of sets: A\B 


1. АСІ 
2. АСА 


3. A=B if ACB and Bc A. 


4. Empty Set 
ОСА 


5. Union of Sets 
C=AUB={x|xeAorxeB} 
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10. 


CHAPTER 1. NUMBER SETS 


Figure 1. 


Commutativity 
AUB=BUA 


Associativity 
AU(BUC)=(AUB)UC 


Intersection of Sets 
C-AUB-Íx|xeAandx e B) 


Figure 2. 


Commutativity 
АПВ=ВПА 


Associativity 
АС(ВОС)Ь(АС В) С 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


CHAPTER 1. NUMBER SETS 


Distributivity 
AU(BOC)=(AUB)A(AUC), 
AQ(BUC)=(AMB)U(ANC). 


Idempotency 
ANA=A, 
AUA=A 


Domination 
Аг12-0), 
AVI=I 


Identity 
АОД=А, 
АСЕ=А 


Complement 
A’={xel|x¢A} 


Complement of Intersection and Union 
AUA'-I, 
А с\А'=@ 


De Morgan” 8 Laws 


, 


(AUB) =A'OB, 
(ANB) = A'UB' 


Difference of Sets 
C=B\A={x|xeBandx¢A} 
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CHAPTER 1. NUMBER SETS 


Figure 3. 
19. BYA-BWAnB) 
20. B\A=BOA' 
21. АХА-02 


22. А\В=АНАПВ=О. 


Figure 4. 
23. (A\B)AC=(ANC)\(BNC) 
24. А-ПА 


25. Cartesian Product 
C=AxB=Í(x,y)|xe Аап4уеВ) 
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CHAPTER 1. NUMBER SETS 


1.2 Sets of Numbers 


26. 


27. 


28. 


29. 


30. 


Natural numbers: N 
Whole numbers: N, 
Integers: Z 

Positive integers: Z° 
Negative integers: Z 
Rational numbers: Q 
Real numbers: R 
Complex numbers: C 


Natural Numbers 
Counting numbers: М = 11, 2,3,...}. 


Whole Numbers 
Counting numbers and zero: М, = {0,1,2,3,...}. 


Integers 
Whole numbers and their opposites and zero: 


7 -М-0,2,3,..., 
Z ={..,—3,—2,—1}, 
Z-Z 20002 ={..,-3,-2,-1,0,1,2,3,...}. 


Rational Numbers 
Repeating or terminating decimals: 


a-[sx-£ and ає Z and be Z and «o. 


Irrational Numbers 
Nonrepeating and nonterminating decimals. 
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31. 


32. 


33. 


CHAPTER 1. NUMBER SETS 
Real Numbers 
Union of rational and irrational numbers: R. 
Complex Numbers 
С-ік-іу|хеК and y c R), 


where i is the imaginary unit. 


NcZcQcRcC 


Figure 5. 


6 


http:/ / fribok.blogspot.com/ 


CHAPTER 1. NUMBER SETS 


1.3 Basic Identities 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


Real numbers: a, b, c 


Additive Identity 
a+0=a 


Additive Inverse 
a+ (- а) =0 


Commutative of Addition 
at+b=b+a 


Associative of Addition 
(a+b)+c=a+(b+c) 


Definition of Subtraction 
а-Ьзач(-Ь) 


Multiplicative Identity 
а-1-а 


Multiplicative Inverse 


1 
а-— =1, а=0 
а 


Multiplication Times 0 
a-0=0 


Commutative of Multiplication 
a-b=b-a 
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CHAPTER 1. NUMBER SETS 


43. Associative of Multiplication 
(a-b)-c=a-(b-c) 


44. Distributive Law 
a(b+c)=ab+ac 


45. Definition of Division 
a 1 


а--- 
b b 


1.4 Complex Numbers 


Natural number: n 

Imaginary unit: і 

Complex number: z 

Real part: a, c 

Imaginary part: bi, di 

Modulus of a complex number: r, г, r, 
Argument of a complex number: Ф, Ф,, Ф, 


46. | іі і зі i? щі 
2 6 4n+2 
i --—I і зі “у 1 
В =- 17 гі 4п+3 _ i 
4 8 4 
1 =1 1-1 17-1 
47. 1-а-Ы 


48. Complex Plane 
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49. 


50. 


51. 


52. 


53. 


54. 


CHAPTER 1. NUMBER SETS 


Imaginary axis 


3i 


Ы------ тазы 


2! 


| 
| 
i | 
| 
| 


Figure 6. 
(a+bi)+(c+di)=(a+c)+(b+d)i 
(a+bi)—(c+di)=(a—c)+(b—d)i 
(а +bi)(c + di)=(ac—bd)+(ad +bce)i 


а-Бі ас-һа bc-ad ; 
cedi с-4 с +а 


Conjugate Complex Numbers 


a+bi=a-bi 


а-гсо8ф, b=rsing 
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Real axis 


55. 


56. 


57. 


58. 


59. 


CHAPTER 1. NUMBER SETS 


bi ажи 


Figure 7. 


Polar Presentation of Complex Numbers 
a+bi =r(cos@ +isine) 


Modulus and Argument of a Complex Number 
If a+bi is a complex number, then 


г= ја“ +b’ (modulus), 


b 
Ф =arctan— (argument). 
a 


Product in Polar Representation 
7,7, = r(cosq, + ising, )-т,(сов, +ising, ) 
= пу, [соѕ(ф, + 0, )+isin(, 4-0, ) 


Conjugate Numbers in Polar Representation 


r(cos o-- isin Ф) r[cos(- ф)-- isin(- ф)] 


Inverse of a Complex Number in Polar Representation 


1 
r(cos@ +ising) 


= [cos( Ф) + isin(- Ф) 
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60. 


61. 


62. 


63. 


64. 


CHAPTER 1. NUMBER SETS 


Quotient in Polar Representation 
ЖЕ r (coso, + ising, ) 


= TI. = [cos(o, 9, )--isin(o, - o; )] 
2, ¥,(cosg,tising,) 1, 


Power of a Complex Number 
2" =[r(cos@ + isino)| = r"[cos(no)-- 15 (п9)] 


Formula “De Моіуге” 


(соѕф +іѕіп ф)" =cos(n@)+ ізіп(пф) 


Nth Root of a Complex Number 


Mz =} г(созф + ising) = Vr cos 22 riso 2), 
n 


where 
kz0,12,...,n- 1. 


Euler's Formula 
е" =cosx ч isinx 
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Chapter 2 
Algebra 


2.1 Factoring Formulas 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


72. 


Real numbers: a, b, c 
Natural number: n 


зобов) 
a? b? = (a - ba? +ађ-ђ>2) 

а? +b =(a bfa? -ab-- b?) 

а“ b! = (à? -b° а? - b?)- (а-а ba? +b’) 
a? —b? = (a — b (a* + a?b --a?b? + ab’ +b*) 

a^ - = (а+Ъа* —a?b --a?b? — ab’ +b*) 


If n is odd, then 
a" +" = (а + bya —a"*b+a™°b’-...-ab"* + b"). 


If n is even, then 
a" —b" = (а ba" +а" Ба“ Ь 4... ab"? + b"), 
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CHAPTER 2. ALGEBRA 


а" +" = (а+ ba" -а" “А-а” -... c ab"? — b"). 


2.2 Product Formulas 


73. 


74. 


75. 


76. 


77. 


78. 


79. 


80. 


81. 


Real numbers: a, b, c 
Whole numbers: n, k 


(а-Ь) =a? - 2ab +b? 

(a+b) -а +2ab + b? 

(а-Ь) =a’ –зађ Зар” - b? 

(а +b) =a’ +3a?b+ ЗаЬ” + b° 

(a—b)* =a‘ —4a°b+ 6a?b? — 4ab? +b* 
(a+b) 2 a* +4a°b+6a’b’ + 4ab? + b* 


Binomial Formula 
(a+b) ="C,a" + "Сава Са ЬЕ С ab^" + "C.b", 


n! : : - 
where "C, = kik} are the binomial coefficients. 
Ца-К) 


(a+b+c) 2a? +b’ & c? +2ab+2ac+ 2bc 


(а+Ь+с+...+и+у) =a «b! «cà +... +u ev? 
+2(ab+ac+...+au+av+bc+...+bu+bv+...+uv) 
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CHAPTER 2. ALGEBRA 


2.3 Powers 


82. 


83. 


84. 


85. 


86. 


87. 


88. 


89. 


90. 


Bases (positive real numbers): a, b 
Powers (rational numbers): n, m 


ата" = алт 

m 
a — a am-n 
— =a 

n 
a 

m тү т 

(ab)" =a™b 


а’ =1, а*0 
а! =1 
im 
Е 
а 
т 
а" = а“ 
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CHAPTER 2. ALGEBRA 


2.4 Roots 


91. 


92. 


93. 


94. 


95. 


96. 


97. 


98. 


99. 


Bases: a, b 
Powers (rational numbers): n, m 
a,b>0 for even roots (n=2k, keN) 


yab = Va Vb 
Ма Yb = "Ja "b" 


qe - X5 bao 
b wb 


Va "а" _, а" 
TEE Vb 


е) а 
28 


va" ат 


100. (Va) - Ма" 
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CHAPTER 2. ALGEBRA 


101 = ,az0 
Va а 
102 а E a’—b 
| М 2 7 2 
103, — 1 Ма#УЬ 
Ма t Ab а-Ь 


2.5 Logarithms 


Positive real numbers: x, у, а, с, К 
Natural number: п 


104. Definition of Logarithm 
у =log, x ifand only if х-а”,а»0,ал1. 


105. log,1=0 


106. log,a=1 


—o ifa>l 
107. og, 0=| . 
+оо if a<1 


108. log (xy)=log, x+log, y 


109. log, Хх. log, х-Іое y 
y 
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110. 


111. 


112. 


113. 


114. 


115. 


116. 


117. 


118. 


CHAPTER 2. ALGEBRA 


log 


c 


Logarithm to Base 10 
log, x = log x 


Natural Logarithm 
log, х= ах, 


k 
where e = im(1+ 1) = 2.718281828... 


logx = 2-0 x = 0.434294 Іп x 
In 10 


1 


oge 


Inx = log x = 2.302585 log x 
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CHAPTER 2. ALGEBRA 


2.6 Equations 


119. 


120. 


121. 


122. 


123. 


124. 


125. 


Real numbers: a, b, c, p, q, u, v 
Solutions: Хү, Ху у, У» y, 


Linear Equation in One Variable 


ax+b=0, ae, 
a 


Quadratic Equation 


—b+b’ —4ac 


2a 


ax’+bx+c=0, x,,= 


Discriminant 
D- b! —4ac 


Viete's Formulas 
If х? + px+q=0, then 
a +х, =-р 


хх, =q 


ax’ + bx =0, x, =0, x, ==— 


2 
ax'+c=0,x,,=+,/-—. 


21 


Cubic Equation. Cardano’s Formula. 
у +py+q=0, 
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CHAPTER 2. ALGEBRA 


2.7 Inequalities 
Variables: x, у, z 


Real numbers: | 


a,b,c,d 


duds ан a, 


Determinants: D, D, , D, y. D, 


m,n 


126. Inequalities, Interval Notations and Graphs 


Inequality | Interval Notation Graph 
a<x<b [а,Ь] + Х 
а b 
a<x<b (a,b] —— rh 
a b 
a<x<b г, b) — -X 
a b 
a<x<b (a, b) о -X 
a b 
-о<х<Ь, (- со, b] — - Á 
x <b b 
—o«x«b, | (-,Ь) оз 
x<b b 
а<х<о>, а, со) Хх 
x>a a 
a«x«o, | (а, о) ——— 
x>a a 


19 


http:/ / fribok.blogspot.com/ 


CHAPTER 2. ALGEBRA 


127. Ifa>b,then b<a. 

128. Ifa>b,then a—b>0 or b-a«0. 
129. Ifa>b,then a+c>b+c. 

130. Ifa>b,then a- c» b-c. 

131. If a» b and c» d, then ac c» b^ d. 
132. If a» b and c» 4, then a- d» b-c. 


133. If a» b and m»0,then ma» mb. 


ій. а Б айй айылдын Р 
т т 


135. Ifa>b and m <0,then ma <mb. 


136. If a» b and т<0, then mop 
m m 


137. If 0<a<b and n»0,thena" <b’. 
138. If 0<a<b and n<0, then a" >b". 
139. If 0<a<b,then Уа «xb. 


140. Jab «37^, 


where а» 0 , b>0; ап equality is valid only if a=b. 


141. a+ E 22,where а» 0; an equality takes place only at a =1. 
a 
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142. 


143. 


144. 


145. 


а, +а, +...+а, 


CHAPTER 2. ALGEBRA 


Ма а... а, < 


n 


If ax+b>0 and a>0, then "А 


Ifax+b>0 and а<0, еп 2 


п 


а 


» where а,,а,,...а, 20. 


a 
ax? +bx+c>0 
а>0 а<0 
-Х 
D>0 X X; -Х 
X<X Xx. x <x<x, 
D=0 
> X 
ХіХ? 
2122 хе 
-Х 
D«0 
>X 
— oO < X < 00 хє0 
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CHAPTER 2. ALGEBRA 


146. (а-а 

147. If x| «a, then -a«x «a, where а>0. 

148. ИХ за, then x «-a and x » a, where a» 0. 
149. If x^ «a, then |x|< Va, where a» 0. 

150. If x^ >a, then ||» Ха, where а >0. 


£(x)-g(x)>0_ 
#0 


g(x) 


151. 1 so then | 


g(x) 


f 
152. ЦЭР" , then | 
5 


2.8 Compound Interest Formulas 


Future value: A 

Initial deposit: C 

Annual rate of interest: r 

Number of years invested: t 

Number of times compounded per year: n 


153. General Compound Interest Formula 


А-1) 
п 
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154. 


155. 


CHAPTER 2. ALGEBRA 


Simplified Compound Interest Formula 
If interest is compounded once per year, then the previous 
formula simplifies to: 


А=С(1+г)'. 


Continuous Compound Interest 
If interest is compounded continually (п — со), then 


А = Се". 
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Chapter 3 
Geometry 


3.1 Right Triangle 


Legs of a right triangle: a, b 
Hypotenuse: c 
Altitude: h 

Medians: m,, m,, т 
Angles: а, p 

Radius of circumscribed circle: R 
Radius of inscribed circle: r 
Area: 5 


c 


Figure 8. 


156. а+В=90° 
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157. 


158. 


159. 


160. 


161. 


162. 


163. 


164. 


CHAPTER 3. GEOMETRY 

: а 
sin a = — = cos p 

с 

b . 
cosa =—=sin В 

c 

a 
tana=—=cotß 

b 

b 
cota = — = tan В 

а 

с 
pen s h 


c 
coseca = — = sec В 
а 


Pythagorean Theorem 
а“ +b? = с? 
a? =fc, b? =gc, 


where f and c are projections of the legs a and b, respec- 
tively, onto the hypotenuse c. 


a с b 


C 


Figure 9. 
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165. 


166. 


167. 


168. 


169. 


170. 


CHAPTER 3. СЕОМЕТВУ 
h’ =, 


where h is the altitude from the right angle. 


where m, and m, are the medians to the legs a and b. 


Ё ы. - 
У 


Figure 10. 


R=—=m. 
2 
„-2tb-c_ ab 
2 a+b+c 
ab = ch 
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CHAPTER 3. GEOMETRY 


3.2 Isosceles Triangle 


Base: a 

Legs: b 

Base angle: В 

Vertex angle: a 
Altitude to the base: h 
Perimeter: L 

Area: 5 


0. 


' 
t 
О 
I 
! 
h: 
1 
I 
О 
Li 
t 


a 


Figure 11. 
а 
172. B=90°-— 
P 2 
2 
173. В“ 
4 
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CHAPTER 3. GEOMETRY 


174. L=a+2b 


2: 
175. Qum аа 
2, 2 


3.3 Equilateral Triangle 


Side of a equilateral triangle: a 
Altitude: h 

Radius of circumscribed circle: R 
Radius of inscribed circle: r 
Perimeter: L 

Area: 5 


Figure 12. 


176. h=—— 
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177. 


178. 


179. 


180. 


CHAPTER 3. GEOMETRY 


R=—h=—— 
3 

1 адз К 
І--Һһ------ 

3 6 2 
L=3a 
s= ah абУЗ 

2 4 


3.4 Scalene Triangle 


(A triangle with no two sides equal) 


Sides of a triangle: a, b, c 
a+b+c 
2 
Angles of a triangle: о, В, у 
Altitudes to the sides а, b, с: h,, h,, h. 


Medians to the sides а, b, с: m,,m,,m, 


Semiperimeter: p = 


Bisectors of the angles о, В, у: t,, t, t, 


Radius of circumscribed circle: R 
Radius of inscribed circle: r 
Area: 5 
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181. 


182. 


183. 


184. 


CHAPTER 3. GEOMETRY 


Figure 13. 


о + В + у = 1809 


а-Б»с, 
b+c>a, 
а+с>Ъ. 
la-b|«c, 
b-c|<a, 
la-d«b. 


Midline 


==, alla 
q 24 . 


Figure 14. 
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185. Law of Cosines 
а? =b’ + с“ — 2ђе соз а, 
b? =a’ +c’ - ас соз В, 


с? =а? « b? -2abcos y. 


186. Law of Sines 


NE MM NM 


sina sinp siny 
where R is the radius of the circumscribed circle. 


_ a _ b _ c bc ac ab abc 
2sina 2sinB 2siny 2h, 2h, 2h, 45 


с 


187. 


188. (2 P aXp - bXp- c) 


t= ; 
Р 
1 1 
== — t qe. 
r a b h. 
189. їй = ВЕ Dip e А 
2 \ bc 
pip-a 
cos — — ; 
V bc 
an- ПР-Бр-с) 
2 У р(р-а) 


190. в, == їр-аїр-ЫДр-0), 
h, - VPP -ap bp =o), 


һ, == pip a\p—b\p—c). 
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191. h,-bsiny =сѕір В, 
h, —asin y=csina, 


h -авіһр-Бвіп о. 


2 2 2 
івы. Е 


2 4 
2 а+с b 
5 2 4 
, ab с 
| 2 4 
А 
Б C 
C = B 
Figure 15. 


2 2 2 
193. AME шы BMS иң, ЄМ= ш, (Fig.15). 


194. e Әерір-а) 


(+) 
p= 4acp(p—b) 
e (a+c? 
ес 4abp(p _ c) . 
(a +b) 
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195. S= ah, bh, ch, l 
2 2 2 
s= ab sin y Е ac sin В _ besin о l 
2 2 2 

5-(р(р-а/р-ЬУр-с) (Heron’s Formula), 
S=pr, 

_ abc 

=? 
S-2R'sina sin В siny, 


S-p ian ми чан 
2 2 2 


3.5 Square 


Side of a square: a 

Diagonal: d 

Radius of circumscribed circle: R 
Radius of inscribed circle: r 
Perimeter: L 

Area: S 


Figure 16. 
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196. 4-а-2 
197. в-1-292 
2 2 
198. r=" 
2 
199. L=4a 
200. S-a? 


3.6 Rectangle 


Sides of a rectangle: а, Б 
Diagonal: d 

Radius of circumscribed circle: R 
Perimeter: L 

Area: S 


g 
a 
Figure 17. 
201. 4-Ха”-Ь” 
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202. R ш! 
2 


203. L=2(a+b) 


204. S=ab 


3.7 Parallelogram 


Sides of a parallelogram: а, Б 
Diagonals: d,, d, 

Consecutive angles: о, В 

Angle between the diagonals: Ф 
Altitude: h 

Perimeter: L 

Area: S 


Figure 18. 


205. а+В=180° 


206. 4:-+а: =2(а? +b’) 
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207. h=bsino=bsin В 
208. L=2(a+b) 


209. S=ah=absina, 


1 
= sino. 


3.8 Rhombus 


Side of a rhombus: a 
Diagonals: d,, d, 
Consecutive angles: о, В 
Altitude: H 

Radius of inscribed circle: r 
Perimeter: L 

Area: 5 


Figure 19. 
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210. о-р-180% 


211. 4:+4: =4а? 


212. Басіна > 


2a 
213. “28.44, asina 
2 4a 2 
214. L=4a 


215. S=ah=a’sina, 
1 


3.9 Trapezoid 


Bases of a trapezoid: a, b 
Midline: q 

Altitude: h 

Area: S 
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b 


Қам”, 


а 


Figure 20. 


3.10 Isosceles Trapezoid 


Bases of a trapezoid: a, b 

Leg: c 

Midline: q 

Altitude: h 

Diagonal: d 

Radius of circumscribed circle: R 
Area: S 
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218. 


219. 


220. 


221. 


222. 


q 


газ 
2 


CHAPTER 3. GEOMETRY 


Figure 21. 


d=Vab+c’ 


h= (аў 


Е= 


5 


смађ+ с” 


_а+ђ 
2 


ћ=аћ 
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3.11 Isosceles Trapezoid with 
Inscribed Circle 


Bases of a trapezoid: a, b 

Leg: c 

Midline: q 

Altitude: h 

Diagonal: d 

Radius of inscribed circle: R 
Radius of circumscribed circle: r 
Perimeter: L 


Area: S 
Figure 22. 
223. a+b=2c 
Did. ша Ры 
225. а? =һ? +c 
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226. и 
2 


2 
d а а шысы ores P agan 
2h 4r 2 ab 2h 8 Vb a 


228. L=2(a+b)=4c 


atb a 


229. S =ch= 
2 2 2 


1 
|| 

„а 
= 
| 
о 
= 
| 


3.12 Trapezoid with Inscribed Circle 


Bases of a trapezoid: a, b 

Lateral sides: c, d 

Midline: q 

Altitude: h 

Diagonals: d,, d, 

Angle between the diagonals: Ф 
Radius of inscribed circle: r 
Radius of circumscribed circle: R 
Perimeter: L 

Area: 5 
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230. 


231. 


232. 


233. 


CHAPTER 3. GEOMETRY 


a+b=c+d 


Figure 23. 


_a+b c+d 


2 


2 


3.13 Kite 


Sides of a kite: a, b 
Diagonals: 4,,4, 
Angles: o. p, y 


Perimeter: L 
Area: S 


42 


http:/ / fribok.blogspot.com/ 


CHAPTER 3. GEOMETRY 


Figure 24. 


234. ач В+ 2у = 3602 


235. L=2(a+b) 


236. 5= ч 
2 


3.14 Сусііс Quadrilateral 


Sides of a quadrilateral: a, b, c, d 
Diagonals: d,, d, 

Angle between the diagonals: Ф 
Internal angles: a, В, y, ó 

Radius of circumscribed circle: R 
Perimeter: L 

Semiperimeter: p 

Area: 5 
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237. 


238. 


239. 


240. 


241. 
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Figure 25. 


a+y=B+6=180° 


Ptolemy’s Theorem 
ас-54-4(4, 


L=a+b+c+d 


_1 (ас bd (ad + bc fab t cd) 
ыг | (p-aXp—bXp- cXp-d) ' 


L 
where p-—. 
Р 2 


1 : 
з= dida sin Ф, 


5= J(p-aXp- bXp - cp - 4), 


L 
where p=—. 
P 2 
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3.15 Tangential Quadrilateral 


Sides of a quadrilateral: a, b, c, d 
Diagonals: 4,,4, 

Angle between the diagonals: Ф 
Radius of inscribed circle: r 
Perimeter: L 


Semiperimeter: p 
Area: S 


Figure 26. 


242. a+c=b+d 


243. L=a+b+c+d=2(a+c)=2(b+d) 


ода. „VEB - (a - b) (a.b - p) 
| » 


э 


L 
where p=—. 
P 2 
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245. S=pr= зад, sin Ф 


3.16 General Quadrilateral 


Sides of a quadrilateral: a, b, c, d 
Diagonals: d,, d, 

Angle between the diagonals: Ф 
Internal angles: a, В, y, 9 


Perimeter: L 
Area: S 


Figure 27. 


246. а+В+ү+ӧ =360° 


247. L=a+b+c+d 
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248. S= зад, sin Ф 


3.17 Regular Нехадоп 


Side: a 

Internal angle: a 

Slant height: m 

Radius of inscribed circle: r 
Radius of circumscribed circle: R 
Perimeter: L 

Semiperimeter: p 


Area: 5 
a 
Figure 28. 
249. a=120° 
250. r=m= ауз 
2 
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251. R=a 
252. L=6a 
2 
253. s pr 3293. 
2 
І, 
h =—. 
where p : 


3.18 Regular Polygon 


Side: a 

Number of sides: n 

Internal angle: a 

Slant height: m 

Radius of inscribed circle: r 
Radius of circumscribed circle: R 
Perimeter: L 

Semiperimeter: p 

Area: 5 
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254. 


255. 


256. 


257. 


258. 


259. 


CHAPTER 3. GEOMETRY 


a 
Figure 29. 
-2 
a = =—=.1809 
-2 
e= .180° 
R= a 
2511 — 
n 
a а: 
г= т = = |К? -= 
2tan— 4 
n 
L=na 
В? . 2л 
$ = sin— , 
n 
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L 
where p=—. 
Р 2 


3.19 Circle 


Radius: R 

Diameter: d 

Chord: a 

Secant segments: e, f 
Tangent segment: g 
Central angle: a 
Inscribed angle: В 
Perimeter: L 

Area: S 


260. a =2Rsin— 


N 


Figure 30. 
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gp 


261. аа, ЬЬ, 


Figure 31. 


Figure 32. 


263. «2-8, 
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Figure 33. 


264. B-7 


Figure 34. 
265. І,-2лК-ла 
2 
66, зада LR 
4 2 
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3.20 Sector of a Circle 


267. 


268. 


269. 


270. 


Radius of a circle: R 


Arc 


length: s 


Central angle (in radians): x 
Central angle (in degrees): a 
Perimeter: L 

Area: S 


Figure 35. 
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3.21 Segment of a Circle 


Radius ofa circle: R 

Arc length: 5 

Chord: a 

Central angle (in radians): x 
Central angle (in degrees): a 
Height of the segment: h 
Perimeter: L 

Area: 5 


5 


аць, 
kw. w 


Figure 36. 


271. a=2V2hR-h’ 
272. h=R- за hac 


273. L=s+a 
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R? 
274. S- -|sR-a(R- h)]|- — - = 
рак 0] -2 -sina ) 
5~—ћа. 
3.22 Cube 
Edge: а 
Diagonal: d 


Radius of inscribed sphere: r 
Radius of circumscribed sphere: r 
Surface area: S 


Volume: V 
Figure 37. 
275. 4-а-/3 
276. r=“ 
2 
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277. E 


278. 5-6а” 


279. У=а’ 


3.23 Rectangular Parallelepiped 


Edges: a, b, c 
Diagonal: d 
Surface area: S 
Volume: V 


Figure 38. 
280. d=Va'+b*'+c2 
281. S=2(ab+ac+bc) 
282. У =ађс 
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3.24 Prism 


Lateral edge: 1 
Height: h 

Lateral area: S, 
Area of base: S, 
Total surface area: S 
Volume: V 


Figure 39. 


283. 5=5, +25,. 


284. Lateral Area of a Right Prism 
S, =(a,+a,+a,+...+a,]l 


285. Lateral Area of an Oblique Prism 


S, =pl, 
where p is the perimeter of the cross section. 
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286. V=S,h 


287. Cavalieri's Principle 
Given two solids included between parallel planes. If every 
plane cross section parallel to the given planes has the same 
area in both solids, then the volumes of the solids are equal. 


3.25 Regular Tetrahedron 


Triangle side length: a 
Height: h 

Area of base: 5, 
Surface area: S 
Volume: V 


Figure 40. 


288. n= (2а 
3 
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2 
289. S,= Уза 
4 
290. S=.3a2 
1 а? 
291. V--S,h- 


3 Bu 


3.26 Regular Pyramid 


Side of base: a 

Lateral edge: b 

Height: h 

Slant height: m 

Number of sides: n 
Semiperimeter of base: p 
Radius of inscribed sphere of base: r 
Area of base: S, 

Lateral surface area: S, 
Total surface area: S 
Volume: V 
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292. 


293. 


294. 


295. 


296. 


297. 


CHAPTER 3. GEOMETRY 


Figure 41. 


S, = pr 
5-5,-5, 
V=—S,h=—prh 
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3.27 Frustum of a Regular Pyramid 


" Ширнэн a,a,a,... a, 
ase and top side lengths: 
P b,b,» b»... b, 
Height: h 
Slant height: m 
Area of bases: S,, S, 
Lateral surface area: 5, 
Perimeter of bases: P,, Р, 


Scale factor: k 
Total surface area: S 
Volume: V 
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299. 


300. 


301. 


302. 


303. 
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S=S +S +5, 


v=26, +55, +$,) 


БЕРЕН 


3.28 Rectangular Right Wedge 


Sides of base: a, b 

Top edge: c 

Height: h 

Lateral surface area: S, 
Area of base: S, 


Total surface area: S 
Volume: V 
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304. 


305. 


306. 


307. 


CHAPTER 3. GEOMETRY 


Figure 43. 


S, - (a+c ah? +b? +byh? + (a -cY 


S, =ab 
S=S, +S, 
V=— (a+c) 


3.29 Platonic Solids 


Edge: а 


Radius of inscribed circle: r 
Radius of circumscribed circle: R 
Surface area: S 


Volume: V 
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308. Five Platonic Solids 


The platonic solids are convex polyhedra with equivalent 
faces composed of congruent convex regular polygons. 


Solid Number Number Number Section 
of Vertices | of Edges of Faces 
Tetrahedron 4 6 4 3.25 
Cube 8 12 6 3.22 
Octahedron 6 12 8 3.27 
Icosahedron 12 30 20 3.27 
Dodecahedron 20 30 12 3.27 
Octahedron 


Figure 44. 
309. ,2v6 
6 
310. в 22 
2 
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311. 5-2а243 


a2 


3 


312. V- 


Icosahedron 


Figure 45. 


313 ‚_ a 35 5) 


12 


314. колу) 
315. 5: 5423 


316. у _ 528 + 5) 
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Dodecahedron 


Figure 46. 


ши xO а41005-:11-/5| 


2 


318. КЕТЕ ШЕ 
4 
S— 3a? J5(5 25) 
320. v 25745) 


4 


319. 


3.30 Right Circular Cylinder 


Radius of base: R 
Diameter of base: d 
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Height: H 
Lateral surface area: S, 
Area of base: 5, 


Total surface area: S 
Volume: V 


Figure 47. 


321. S, -21RH 
322. 5-5, +25, =2nR(H+R)= "нз 2) 


323. У-5,Н-лЕ?Н 
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3.31 Right Circular Cylinder with 
an Oblique Plane Face 


Radius of base: R 

The greatest height of a side: h, 
The shortest height of a side: h, 
Lateral surface area: S, 

Area of plane end faces: S, 


Total surface area: S 
Volume: V 


Figure 48. 


324. S, з rR(h, +h,) 


2 
325. S,=nR?+ de ШЕ 28 
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: (h -h,Y 
326. 5-5, +S, =TRİ h +h,+R+. ЈЕ + — => 


2 
327. уць +h) 


3.32 Right Circular Cone 


Radius of base: R 
Diameter of base: d 
Height: H 

Slant height: m 

Lateral surface area: 5, 
Area of base: S, 


Total surface area: S 
Volume: V 


Figure 49. 
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328. Н= үт? – А? 


329. S, -лКш- 


330. 5, = ла? 


331. $=8, +S, слов) мі ше 4) 


332. V-iSH-laRUH 


3.33 Frustum of a Right Circular Cone 


Radius of bases: К, г 
Height: H 

Slant height: m 

Scale factor: k 

Area of bases: 5,, S, 
Lateral surface area: S, 


Total surface area: S 
Volume: V 
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333. 


334. 


335. 


336. 


337. 


338. 


339. 


CHAPTER 3. GEOMETRY 


Figure 50. 


ERIS Md 
S r 


S, =mm(R + г) 


S=S +S,+S, =n[R? er +m(R + r)| 


v=26, + (5, +5,) 


V= > БОЈЕ N i+k+k?| 
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3.34 Sphere 


Radius: R 
Diameter: d 
Surface area: S 
Volume: V 


Figure 51. 


340. S=4nR’ 


341. у-Злвэн-1лф- із 
3 5575 


3.35 Әрһегіса! Сар 


Radius of sphere: К 
Radius of base: r 

Height: h 

Area of plane face: S, 
Area of spherical сар: 5, 
Total surface area: S 
Volume: V 
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Figure 52. 
2 2 
342. к= th 
2h 
343. S,-nr 


344. S,=n(h’+r’) 


345. S=S,+Sc = nhh? +2r’)=n(2Rh +r’) 


346. у = = (BR h)= свині») 


3.36 Spherical Sector 


Radius of sphere: R 

Radius of base of spherical cap: r 
Height: h 

Total surface area: 5 

Volume: V 
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Figure 53. 


347. S=nR(2h+r) 
2 pn 
348. V- 2 ЛК h 


Note: The given formulas аге correct both бог “open” and 
“closed” spherical sector. 


3.37 Spherical Segment 


Radius of sphere: R 

Radius of bases: г, r, 

Height: h 

Area of spherical surface: S, 
Area of plane end faces: S,, 5, 


Total surface area: S 
Volume: V 
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Figure 54. 


349. S,=2nRh 


350. S=S,+S,+S,=n(2Rh+r7 +12) 


351. У= На +312 + h?) 


3.38 Spherical Wedge 


Radius: R 

Dihedral angle in degrees: x 
Dihedral angle in radians: а. 
Area of spherical lune: S, 


Total surface area: S 
Volume: V 
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Figure 55. 


2 
352. s -P а =2R*x 
90 


mR? 


353. $=л8В? + an о = rR? + 2R?x 


3 
аад, ра не но 
270 3 
3.39 Ellipsoid 


Semi-axes: a, b, c 
Volume: V 
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Figure 56. 


355. У- лађе 


Prolate Spheroid 


Semi-axes: a, b; b(a>b) 
Surface area: S 
Volume: V 


2 


356. 5- уь + sensi) 
e 


а -b? 
where e = Я 
а 


357. У = ль 
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Oblate Spheroid 


358. 


359. 


Semi-axes: a, b, b (a <b ) 
Surface area: S 
Volume: V 


а arcsinh У 
S-2nb| b+ Ы 
be/a 


2 2 


where e= 


4 
У =—nb’a 
3 


3.40 Circular Torus 


Major radius: R 
Minor radius: r 
Surface area: S 
Volume: V 
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Picture 57. 


360. S=4n’Rr 


361. V=27°Rr’ 
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Trigonometry 


Angles: a, В 
Real numbers (coordinates of a point): x, y 
Whole number: k 


4.1 Radian and Degree Measures of Angles 
180° 


362. 1 rad =—— ~ 57917 '45" 
л 


363. 19-47 гад ~ 0.017453 rad 
180 


364. 1'=———— rad ~ 0.000291 rad 
180-60 

365. 1"=——" — гад ~ 0.000005 rad 
180-3600 

366. Ange ^ | 30 | 45 | 60 | 90 | 180 | 270 | 360 
(degrees) 
Angle 0|21515|7 Зл 2 
(radians) 81.4 Т ыы 
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4.2 Definitions and Graphs of Trigonometric 


Functions 
y 

ж AY (у) 
/ r/ Ч 
/ Ж ту Asin o 
| Жи | \ 
| Ея 
\ x = cos © | 

N / 

N / 
N / 
| E ай 
Figure 58. 
367. sina= E 
r 
368. cosa=— 
r 
369. капа- 7. 
х 
370. cota= == 
у 
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371. seca esc. 


2: 


372. coseca= x 
M 


373. Sine Function 
y-sinx, —1<5шх 21. 


Figure 59. 


374. Cosine Function 
y=cosx, —l<cosx<l. 
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Figure 60. 


375. Tangent Function 


y=tanx, хакі», —oo < tan x < oc. 


Figure 61. 
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376. Cotangent Function 
y=cotx, x#kn, —o < cotx <о. 


Figure 62. 
377. Secant Function 


y=secx, ха (Жені) 
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Figure 63. 


378. Cosecant Function 


cosec x, x + Кл. 


y= 


созес X 


у= 


Figure 64. 
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4.3. Signs of Trigonometric Functions 


379. Sin | Cos | Tan | Cot | Sec | Cosec 
Quadrant 
а а а а а а 
І + + + + + + 
II + + 
Ш + + 
IV + + 
380. 
y y 
y cos о. tan о 
sin а. аб | " Lp, СОЇ e 
зааж / Eh Ғы “~ 
EE + N | | x | | x 
/ ] —x \- K k | ес 2 
| у | 
Figure 65. 
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4.4 Trigonometric Functions of Common 


Angles 

381. 

а? | a rad sin о. cos о. tan a cot a sec а, cosec а, 

0 0 0 1 0 [re 1 [re 

n 1 4/3 1 2 

30 | = й — —= з | = 2 
6 2 2 43 уз 43 
л | | 2 

45 = -- — 1 1 2 2 
A 5 42 42 
т 3 1 1 2 

60 -- --- = 3 =r 2 — 
3 2 2 уз 43 43 

90 1 1 0 5 0 4 1 
2n 43 1 1 2 

120 — 2 — ВЕ == =) == 
3 2 2 уз 43 43 

180 т 0 21 0 оо 21 со 
Зл 

270 ra -1 0 (се) 0 [re -1 

360 2n 0 1 0 [re 1 (се 
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382. 
а? а rad sin 0. cos 0. tan a cot a 
Е x 46-47 «6 34/2 Е с е 
12 4 4 
8| = 45-1 | оч E 5-2,5 
10 4 4 5 
4541 
36 х 10-245 4541 410—245 (0-2,5 
5 4 4 \/5 +1 пев 
54 37. 45-1 10-2,/5 45-1 моъ 
10 4 4 1024/5 ба 
5-2/5 
Эл -1 
7 | 25 | 510425 | Sa | FOR : 
5 4 4 
5 = 
75 - ша n 2445 2-45 


4.5 Most Important Formulas 


383. 


384. 


385. 


386. 


sin’? a + с05? 0 =1 
2 2 
sec а — їап 0-1 


2 2 
сс a —cot 0-1 
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387. cota= 


388. tana-cota=l 


389. seco = 


cos Q 


390. coseca= 


sin а. 


4.6 Reduction Formulas 


391. В sin В cos В tan В cot В 


-q —sin Q + cos а, —tan о. — cot а, 


909-о + сова, +sin a +cot a +tan a 


909 + у, | +с05а | -sina —cota | —tana 
1809-о | +sina -со5а | -tana —cota 
180°+a | -sina —cosa | +tana | +cota 
2709-а | —cosa | —sina +cota | +tana 
270°+a | —cosa +sin a —cot a —tan a 
3602-о | -singa +cosa | -tana —cota 


360°+a | +sina +cos a +tana +cot a 
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4.7 Periodicity of Trigonometric Functions 


392. sin(a+2nn)=sina, period 2x or 360°. 
393. cos(a+2nn)=cos а, period 2x or 360°. 
394. tan(a + лп)= tan a, period т or 180°. 


395. соо +лп) = сого, period л or 180°. 


4.8 Relations between Trigonometric 
Functions 


1 
396. sina--tyl-cos/a = + |- (1 – cos2a) =2cos 2-7) E 


ан 

— 2 

1+tan? © 

2 

: 1 

397. cosa =+y1-sin? a =+ 5 (I+ со2а) = 2605" 7. 1 

1- tan? € 

= 2 

1+tan? € 

2 
С eg 
cos a 1+ cos 2a sin 284 
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399. 


400. 


401. 


CHAPTER 4. TRIGONOMETRY 


ап 
e" 1—cos2a _ ап, 
~V14+cos2a 


а 
1 + tan? — 
2 


1+cos2a _ sin 20. 


cosa 
cota =——— = łycsc' q – 1 = 


sin a sin2a 1-со820 
а 
1- tan? — 
ЭМ" [1 + сов 20 " 2 
= а 
1- cos2o, па 
а 
1+ tan? — 
seca = раа a =— 2 
сова, 20 
1- ап — 
2 
а 
1 + вап? — 
свса = ——— = +/1+ cot? а 2 — — 2 
sina а 
шэн? 


4.9 Addition апа Subtraction Formulas 


402. 


403. 


404. 


405. 


sin(a + B) =sinacosf+sinBcosa 
sin(a —y)=sina.cosB —sinBcosa 
cos(a + В) = сова cosp — sin sin 


cos(a - В)= coso cos + sinasinB 
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406. 


407. 


408. 


409. 


CHAPTER 4. TRIGONOMETRY 


tana + tan 
tan(a +В) = оа 
1- ап олап 3 
tana – (ап В 
tanla - B) = 
1+ tanatanp 
1—tanatan 
cot(a +) = ыш шы 
tana + ќар В 
1+ tanatan 
cot(a—B)= В 


tana —tan В 


4.10 Double Angle Formulas 


410. 


411. 


412. 


413. 


sin 20 =2sin G: cos a 
2 ‚ 2 . 2 2 
cos 20 = со5 a —sin a =1—2sin o 2со5 a-1 


2tan a 2 
tan 2a = — = ——_——_ 
1- ап о cota-—tana 


соба-1 cota -tan о 
2cot a 2 


cot 2a = 
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4.11 Multiple Angle Formulas 


414. sin3a = Зѕіп о - 45іп? a =3cos’a-sin a —sin^ а. 
415. sin 40 = 45іп a -cos a —8 51° a -cos a 

416. sin5a=5sin a – 205іп? а +16sin a 

417. cos За = 4с08' a —3cos a = cos? a —3cos a: sin? a 
418. соѕ 40 = 8соѕ* а-8сов 0-1 

419. cos5a=16cos’ а – 20соѕ? а, + 5соѕа 


Зїап о – ап? a 


420. ғап За = 5 
1- З(ап a 
4 —Atan’ 
421. tan4g- an а 
1-біап а + ап a 
5 3 
-1 + 
422. tan 59 90 а а а сЕ 
1-10tan о +5tan a 
Са- Зсої 
423. веза == ын ee 
3cot' a -1 
1—6tan?^ a + ап" 
424. cot4a= r, 


4tan a —4tan’ а 
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425. 


4.12 Half Angle Formulas 


426. 


427. 


428. 


429. 


cot 5а = 


CHAPTER 4. TRIGONOMETRY 


1-10tan* а +5tan‘ a 


tan’ a —10tan’a+5tan а 


. Q l—cos a 
sin—=+ 
2 Х 2 
1+ с0$ о 
cos— = + 
Y 2 
а 1-сово sin а, 1- соѕ а 
tan—=+ = = — 
2 11--сово. 1+ сова, sin 0. 
1+ соѕ а sin a 1+cosa 
cot—=+ = = 


l—cosa 1-со80 


sin о. 


=csca—cota 


=csca+cot a 


4.13 Half Angle Tangent Identities 


430. 


sino = 


tan 
2 


а 
1 + tan? — 
2 
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1—tan? = 
431. cosa= 2 
1+ tan? — 
2 
2tan Č 
432. tana= 2 
1— tan? - 
2 
1—tan? ыг 
433. cot o= 2 
а 
2tan— 
2 


4.14 Transforming of Trigonometric 
Expressions to Product 


434. saa ан Pu BP 
2 2 

435. Semasa ха аш ЗЬ 
2 2 

436. ананы ы бай 
2 2 

437. cosa —соз = asin =P sin oF 
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438. 


439. 


440. 


441. 


442. 


443. 


444. 


445. 


446. 


447. 


CHAPTER 4. TRIGONOMETRY 


sin(a + 
tan o tan p= В). 
cos а. · cos В 
sin(a — 
апа пра. 
cos Q -cos В 
(В + а. 
cota + cot p= 22080) 
sin 0: sin В 
sin(B — о 
cot a cor - ВВ) 
sin 4 sin В 


cos a+sin a = 72 cof Z-a) = Visi Ана 


cos а — sin o = «2 "РЕ = Вета) 


cos(a — 
паз совре МЕР 
cos а. sin В 
cos(a + 
tan a — cot p а... 
cos 0 -sin В 


а 
1: с0$ o = 2008 >. 


г. 
1- сова =2sin* = 
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. т а 
448. 1+sina= до 1 -2) 


449. 1-sina= за (5-5) 
4 2 


4.15 Transforming оі Trigonometric 
Expressions to Sum 


450. sin a-sin p= ее М сома +B) 


cos(a - )-- cos(a + В) 
2 


451. cosa-cosp= 


452. sin o-cos p= ЗО B)» sima B 


tan a + tan В 


453. tana-tanBp= 
cot a + cot В 


cot a + cot p 


454. cota-cotBp= 
tan a + tan В 


tan a + cot 
455. tan РИ EUER Шо 
cot a+ tan В 
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4.16 Powers of Trigonometric Functions 


dop ara 
2 
at dug ЕЕ 
4 
4a — 4cos 20 + 
ДВК а қотан ee ee 
8 
488, uio oi ee 
16 
460. sin q _ 10-15с0820:4 6cos 40 — cos ба 
32 
461. РР РИШЕ E 
2 
462. ТЭР 2:3 у... 
4 
463. вада Зана 
8 
464. cos? = 10508 9 + 5811 За + cos 50. 
16 
465. соо 1071900820 T6608 4000200, 
32 
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4.17 Graphs of Inverse Trigonometric 
Functions 


466. Inverse Sine Function 


: T : T 
у =arcsinx, —1<x<1, Де 


Figure 66. 


467. Inverse Cosine Function 
у =arccosx, —1<x <1, 0 <агссоѕх € 1. 
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y = arccos x 


I 
| 
| 
| 
| 
| 
| 


Figure 67. 


468. Inverse Tangent Function 


т т 
у -arctanx, оо <x < о, У 


NIA 


Figure 68. 


100 


http:/ / fribok.blogspot.com/ 


CHAPTER 4. TRIGONOMETRY 


469. Inverse Cotangent Function 
у =arccotx, –о Ex < о, 0 <arccotx «т. 


y = arccot x 


Figure 69. 


470. Inverse Secant Function 


у = arcsec x, хе (–оо, - ЩО, о), acseexe 0.2 )-| л | 


Figure 70. 
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471. Inverse Cosecant Function 


у =arccsc x, хе (-, - бо [1,00), arccsc x е - > о fo d 


y 
л 
2 у = arccsc x 
=4 : T 
fe.» З л 
2 
Figure 71. 


4.18 Principal Values of Inverse 
Trigonometric Functions 


472. 1 2 | В 
х 0 = = === 1 
2 2 2 
arcsinx | 0° 30° 45? | 60° | 90? 
arccosx | 90? 60? 45? 30? | 0? 
1| v2) ~ 
x mc ase ра р 
2 2 2 
arcsinx | | a s 45° | – 60° | | ай 
arccos x 20 135° 150° 198 
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473. 


CHAPTER 4. TRIGONOMETRY 


x 0 v3 1 | 3 v3 ШЕСІ 
3 3 
о о о о о E 459 ° 
arctanx | O 30 45 60 — 30 — 60 
arccotx | 90° | 60° | 45° | 30° | 120° 133 150° 


4.19 Relations between Inverse 
Trigonometric Functions 


474. 


475. 


476. 


477. 


478. 


479. 


480. 


481. 


arcsin(- х) = —arcsinx 
: T 
a нис 


. 2 
arcsin x -агссо8у1-х ,0<х<1. 


arcsinx = —arccos y1- x? , -1€x <0. 


: x 1 
arcsinx =arctan =, х < 
41-х 
. 1-x? 
arcsin x — arccot „0<х<1 
x 
2 
: 1-х 
arcsin x = arccot Зл, -1<x<0. 
x 


arccos(— x)= п — arccosx 
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482. 


483. 


484. 


485. 


486. 


487. 


488. 


489. 


490. 


491. 


492. 


CHAPTER 4. TRIGONOMETRY 


Tt . 
arccos x = 2 - arcsin x 


: 2 
arccosx =arcsinvl—x* ,0<х<1. 


arccosx = л – агсзіп1- x? , -1<х<0. 


2 


arccosx =arctan „0<х<1. 


arccos X = п + arctan 


x 
arccosx = arccot ,-1<х<1, 
1-x? 


arctan(— x) = –агсіап х 


T 
arctan x = 3 — arccotx 


arctan x = arcsin 
1 
arctanx — агссоѕ ——— X 20. 


arctan x — A » х<0. 
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493. 


494. 


495. 


496. 


497. 


498. 


499. 


500. 


501. 


502. 


503. 


CHAPTER 4. TRIGONOMETRY 


T 1 
arctan X 5g dun x»0. 
X 


л 1 
arctan x ——— —arctan—, x «0. 
2 X 


1 
arctanx -arccot—, x » 0. 
x 


1 
arctan x = arccot——7, х<0. 
x 


arc cot(- x) = л -—arccotx 


T 
arccotx — 2 —arctan x 


: 1 
arccot x = arcsin === ,x»0. 


. 1 
arccot x = п — arcsin => х<0. 
arccotx = arccos 


1 
arccotx =arctan—, x > 0. 
x 


arccotx =7+arctan—, x <0. 
x 
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4.20 Trigonometric Equations 
Whole number: n 

504. sinx=a, x= (- т)" arcsina + лп 

505. со5х=а, х = агссоза + 2лп 


506. tanx=a, x-arctana-- zn 


507. сох =a, x-arccota + zn 


4.21 Relations to Hyperbolic Functions 
Imaginary unit: i 
508. sin(ix)=isinhx 


509. tan(ix)=itanhx 


—-icothx 


510. cot(ix) 
511. sec(ix)-sech x 
512. csc(ix)=-icsch x 
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Chapter 5 
Matrices апа Determinants 


Matrices: A, B, C 


Elements of a matrix: a,, b, , аў, Бр сі 


Determinant of a matrix: det A 


Minor of an element а: М, 
Cofactor of an element а з: Cy 
Transpose of a matrix: АТ, А 
Adjoint of a matrix: adj А 
Trace of a matrix: tr А 


Inverse of a matrix: А 
Real number: k 
Real variables: х, 


Natural numbers: т, п 


5.1 Determinants 


513. Second Order Determinant 


а, b, 


det A = =a,b, —a,b, 


a, 2 
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514. Third Order Determinant 


a a a 


11 12 13 


det A = ал а, a, =a,a,a, +Ta,a,a, +Ta,a,a,, — 
аі а, аз 


—a,a,a, ааа, — 41344.) 


515. Sarrus Rule (Arrow Rule) 


a a a a a a 

Ч 2 з 11 12 13 

a 855 ал а» 

а, а а; аз; з азз 
Figure 72. 


516. N-th Order Determinant 


а, a, а, ain 
ад 4» а, Aon 
det A = 
п in а, аһ 
ан а, а, Net ам 
517. Міпог 


The minor M, associated with the element а; of n-th order 


matrix А is the (n—1)-th order determinant derived from 
the matrix A by deletion of its i-th row and j-th column. 
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518. 


519. 


CHAPTER 5. МАТВІСЕ5 AND DETERMINANTS 


Cofactor 
G; = (- 1) "UM, 


y 


Laplace Expansion of n-th Order Determinant 
Laplace expansion by elements of the i-th row 


det A = У а, С, , i=], 2,....m. 


j=l 
Laplace expansion by elements of the j-th column 


det A= У аб, » j=1,2,...,n. 
i=1 


5.2 Properties of Determinants 


520. 


521. 


522. 


The value of a determinant remains unchanged if rows are 
changed to columns and columns to rows. 
a, b, 


a, b, 


a, а, 


b, b, 


If two rows (or two columns) are interchanged, the sign of 
the determinant is changed. 
a, b, a, b, 


If two rows (or two columns) are identical, the value of the 
determinant is zero. 


а а, 20 
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523. 


524. 


CHAPTER 5. МАТВІСЕ5 AND DETERMINANTS 


If the elements of any row (or column) are multiplied by 
a common factor, the determinant is multiplied by that 
factor. 

ka, kb, 


а, b, 


If the elements of any row (or column) are increased (or 
decreased)by equal multiples of the corresponding elements 
of any other row (or column), the value of the determinant 
is unchanged. 


a,+kb, bj |a, b, 
a,+kb, b, |а, b, 

5.3 Matrices 

525. Definition 


526. 


527. 


528. 


Ап mxn matrix A is a rectangular array of elements (num- 
bers or functions) with m rows and n columns. 


а а; ain 
a a a 
21 22 2: 
А-В, |= з 
J 
аш аһ a mn 


Square matrix is a matrix of order nxn. 


A square matrix а | is symmetric if а, =a, LE. It 15 


symmetric about the leading diagonal. 


A square matrix la; | is skew-symmetric if а, =—a,,. 
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CHAPTER 5. МАТВІСЕ5 AND DETERMINANTS 
529. Diagonal matrix is a square matrix with all elements zero 
except those on the leading diagonal. 
530. Unit matrix is a diagonal matrix in which the elements on 
the leading diagonal are all unity. The unit matrix is 


denoted by I. 


531. A null matrix 15 one whose elements аге all zero. 


5.4 Operations with Matrices 


532. Two matrices A and B are equal if, and only if, they are both 
of the same shape mxn and corresponding elements are 
equal. 


533. Two matrices A and B can be added (or subtracted) of, and 
only if, they have the same shape mxn. If 


а, а, ... а, 
А-Ї |= ац an 526 а 

K a, а а 

|b, b, .. b, 
B=|b,]= = 2 - ; 

Бы bu b. 
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then 
аї "Р: a,+b, ... a,+b, 
A+B= dg ба аа Ва ee ада + bas 
a, "Вл 24259, ... да "Вало 


534. Ifkisa scalar, and A= la; | is a matrix, then 


ka, Ка, ... Ка, 

k k s. k 
kA= Ia, |= = Ён Ба 

Ка а ka, ... Ка, 


535. Multiplication of Two Matrices 
Two matrices can be multiplied together only when the 
number of columns in the first is equal to the number of 
rows іп the second. 


If 
a а, а 
ад а» а, 
А = Е Р , 
(аш а,» a о 
| 1 Ь,, bi, 
Ы, b,, Ы, 
B=|b, |= | ; 
Ба Ба d b. 
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536. 


537. 


538. 


CHAPTER 5. МАТВІСЕ5 AND DETERMINANTS 


then 
Сл Сі Cik 
Сл С» Cok 
AB = G = š > 
b... С п C nk 
where 


n 
c; = ab; + ab, +...+ aj b, = У ав: 
311 


(1251, 2 ou] Вы № 


Thus if 


b 
сан a, ‘| E (шы a,b, 2 
= ME А 

b 


алб, a,b, ab, 


Transpose of a Matrix 
If the rows and columns of a matrix are interchanged, then 
the new matrix is called the transpose of the original matrix. 


If A is the original matrix, its transpose is denoted A" or 
А. 


The matrix A is orthogonal if АА" =I. 


If the matrix product AB is defined, then 
(AB) = ВТА“. 
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539. 


540. 


541. 


542. 


543. 


CHAPTER 5. МАТВІСЕ5 AND DETERMINANTS 


Adjoint of Matrix 
If A is a square n xn matrix, its adjoint, denoted Бу adjA, 
is the transpose of the matrix of cofactors С, of A: 


adj A=(c, |. 


Trace of a Matrix 

If A is a square nxn matrix, its trace, denoted by tr А, is 
defined to be the sum of the terms on the leading diagonal: 
tr A=a,, +a, +...+4,,- 


Inverse of a Matrix 
If A is а square пхп matrix with a nonsingular determinant 
det A, then its inverse A™ is given by 

det A 


If the matrix product AB is defined, then 
(AB) =В'А7. 


If A isasquare nxn matrix, the eigenvectors X satisfy 
the equation 

АХ-ЭХ, 

while the eigenvalues X satisfy the characteristic equation 
|A—Al|=0. 


5.5 Systems of Linear Equations 


Variables: х, у, Z, X}, х„,... 
Real numbers: a,,a,,a,, b,,a,,,,,,... 
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Determinants: D, D,, D, ; D, 
Matrices: A, B, X 


544 рН +by=d, 


a,x+b,y =d, і 
р y 
х==—=, у= — (Cramer's rule), 
гр ( ) 
where 
a, b, 
D- =a,b, —a,b,, 
a, b, 
d b, 
D, = "E =d,b, - d,b,, 
2 2 
а, d, 
D, = ad =a,d,—a,d, 
2 2 


545. If D#0, then the system has a single solution: 
D D 


X eI 
р'і р 


If D=0 and D, # 0 (ог Р, #0), then the system has по 


x= 


solution. 
If D=D, =D, =0, then the system has infinitely many 


solutions. 


ax+by+cz=d, 
546. 5a,x+b,y+c,z=d,, 
a,x+b,y +c,z =d, 


x y z 


x= ,y=—,Z= D (Cramer's rule), 
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where 
a, b, €i d, b, €i 
рэа, b, c,D,-d, b, c, 
a, b, c, d, b, c, 
a, d, c, a, b, d, 
D,-28, 4, c|, Р, (а, b, d,. 
a, d, с, a, b, d, 


547. If D#0, then the system has a single solution: 
D D D 


Хон х у= Y Z= 


D D D` 
If D=0 and D, +0 (or D, #0 or D, #0), then the system 


has no solution. 
If D=D,=D,=D,=0, then the system has infinitely 


2 


many solutions. 


548. Matrix Form of a System of n Linear Equations in 
n Unknowns 
The set of linear equations 
ах, tax, +... ах, =b 


1n^'n 1 


ах, тах, t... a, Xx, =b, 


a, X, "ах, +...+а,.х, = b 


nn n n 


can be written in matrix form 


а, a, ax uix, b, 

а, а; а, Х, b, 
š == , 

an а, ам Х, b, 

i.e. 

А.Х=В, 
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549. 


where 
ац 
а 

A=| | 
a 


CHAPTER 5. MATRICES AND DETERMINANTS 


a, 


а, X, b, 
а,, Х, b, 

. , Х = , В = 9 
а, Xa b, 


Solution of a Set of Linear Equations nxn 


Х-А?. 


В, 


where A ! is the inverse of A. 
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Chapter 6 
Vectors 


с 
Vectors: u, У, W, г, АВ,... 


Vector length: а У 


ШЕТ 
Unit vectors: i, j, k 

Null vector: 0 

Coordinates of vector ü: X,, Y,, Z, 
Coordinates of vector v: X,, Y,, Z, 
Scalars: à, и 

Direction cosines: cosa, соз В, cosy 
Angle between two vectors: 0 


6.1 Vector Coordinates 


550. Unit Vectors 


i=(1,0,0), 
і-(0,1,0), 
К-(0,0,1), 
АД». 


551. т=АВ=(х, —х„)1+(у, -y,)j * (z, -z)k 
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ЗА 


Figure 73. 


552. СЕ кк бо аў 


553. If AB- £,then ВА--Е. 


В 
~ 
А -r 
Figure 74. 
554. X = сово. à 
Y = Е созВ, 
Z- [r|cosy : 
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Figure 75. 


555. If (X, Y, Z) - r (X,, Y, Z,), then 
XX. Y=Y, 7-7: 


6.2 Vector Addition 


Figure 76. 
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Figure 77. 


557. w=ú +uúu,+u,+...+u, 


Figure 78. 


558. Commutative Law 
u+Vv=v+u 


559. Associative Law 
(i+¥)+Ww=u+(¥+w) 


560. i+v=(X,+X,, Y,+Y,,Z,+Z,) 
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6.3 Vector Subtraction 


Figure 80. 


562. ü-v=uú+(- ç) 
563. ü-ü-0-(0,0,0) 
564. (0-0 


565. ü-y-(X,-X, Y, - Y, Z, -Z;), 
6.4 Scaling Vectors 
566. w=Au 
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W = Àu W = М 
À <0 0 À> 0 
Figure 81. 

567. =: 

568. XAü-(AX,AY, AZ) 

569. Xü-üX 

570. (A-pu)ü-AXu-pü 

571. Мый) = (Ait) = (Ap ti 


572. Mat+v)=AU+AV 


6.5 Scalar Product 


573. Scalar Product of Vectors а and v 
4-У-1 | | сов0, 
where 0 is the angle between vectors п and v. 
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574. 


575. 


576. 


577. 


578. 


579. 


580. 


CHAPTER 6. VECTORS 


Figure 82. 


Scalar Product in Coordinate Form 
If i=(X,, Y,,Z,), v=(X,,Y,,Z,), then 
u-v=X,X,+Y,Y,+Z,Z,. 


Angle Between Two Vectors 
If i=(X,, Y,,Z,), V=(X,, Y,,Z,), then 
X X, + Y Y, + ZZ, 


15 +Ү +7, 45 +Y, +7, | 


cos0 = 


Commutative Property 
цоузу uü 


Associative Property 
(ка) (ну) є див -У 


Distributive Property 
ü-(V-w)2u.vü-w 


u-v=0 if u,v are orthogonal (0 = – ). 


цу» if0«0«7. 
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581. 


582. 


583. 


584. 


585. 


586. 


CHAPTER 6. VECTORS 


є! 


«0 if «ват. 
2 
182375) 
ü-v -[u|-|v| if U,V are parallel (0-0). 


If i=(X,, У, Z,), then 


= — ЕА —|2 
ü-ü-u' =ü =X +Y ez. 


6.6 Vector Product 


587. Vector Product of Vectors ü and v 


ux V=w, where 
š № = 10 - |У: 8120, where 050525 


. міц апа wl v; 
e Vectors й, У, w forma right-handed screw. 
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588. 


589. 


590. 


591. 


592. 


593. 


CHAPTER 6. VECTORS 


i j k 
w=uxv=|X, Y Z, 
X, Y, Z, 
=> => У, 2, Х, Z, Х, У, 
=иху= 27 , 
Y, Z, X, Z, X, Y, 


S- [ах v|- [ü|-|v|-sinO (Fig.83) 


Angle Between Two Vectors (Fig.83) 
. ux v 
sin0 = = ri 
Ши 


Noncommutative Property 
иху=-(ухи) 


Associative Property 
(Ati) x (uç) —Apuxv 
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594. 


595. 


596. 


597. 


CHAPTER 6. VECTORS 


Distributive Property 
ux(¥+W)=axv+ixw 


uxv=0 if ü апаў are parallel (0 =0 ). 


ЕЗЕН c 


ixj-k, ixk- i, kxi-j 


6.7 Triple Product 


598. 


599. 


600. 


601. 


602. 


Scalar Triple Product 
livw]=t-(¥x w)2 У (ха) у (иху) 


| нүх ] = [wav] = [vw | – ўан] = [wv] ому | 
ка (ухи) = k[uvw] 


Scalar Triple Product in Coordinate Form 


X, Y, Z 
ü-(vxw)2|X, Y, Zl, 
X, Y, Z, 


where 
u=(X. У, 7), VEG n! w=(X.,,Y.,Z.). 


Volume of Parallelepiped 
V =| (уху) 
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u 
V 
у 
Figure 84. 
603. Volume of Pyramid 
1 
У--| (уху) 
6 
4 
У 
Figure 85. 


604. If u: (ç x w) =0, then the vectors и, v, and w are linearly 
dependent , so w = Ли + цу for some scalars À and u. 


605. If ü-(Vx м)» 0, then the vectors i, У, and w are linearly 
independent. 
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606. Vector Triple Product 
их (ухи) = (u-w)v - (u-v)w 
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Chapter 7 
Analytic Geometry 


7.1 One-Dimensional Coordinate System 


Point coordinates: Хо» Ху» Х,, Yo» У» У, 


Real number: А 
Distance between two points: d 


607. Distance Between Two Points 
d- AB =|x, -Х| =k, -х, 


а 


— -Х 
A(x,) B(x.) 


Figure 86. 


608. Dividing a Line Segment in the Ratio À 


XQ Ах, па АС TE 
° YEA і | 
C(x.) С(х) 
---Х o K 
А(х.) B(x,) A(x,) B(x;) 
А> 0 À <0 
Figure 87. 
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609. Midpoint of a Line Segment 


+ 
x= ‚ ^=1. 


7.2 Two-Dimensional Coordinate System 


Point coordinates: x,, Хү, х,, Ус» У.» y; 
Polar coordinates: г, ф 


Real number: À 

Positive real numbers: a, b, c, 
Distance between two points: d 
Area: S 


610. Distance Between Two Points 
d=AB= (x, -х,/ + (y; -у) 


y 


B(x» Yo) 


A(X, У.) 


Figure 88. 
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611. Dividing a Line Segment in the Ratio À 


в... _ y  tÀy, 
° 143 ши "- ^ 
k= Àz-1. 
CB 
y 
B(x , yj) 
С(х, Yo) 
A(X, У.) 
0 
A20 
Figure 89. 
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y 
С(ҳ yo) 
B(x, у) _ < “ ° 
A(X, У.) 
0 x 
10 
Figure 90. 


612. Midpoint of a Line Segment 
Х, ale Х, У, Ж. У» 
X, = y =———_ Аі. 
0 2 yo 2 


613. Centroid (Intersection of Medians) of a Triangle 
x OX; TX, +X; г Ук ty: Уз 
0 ^70 
3 3 
where A(x,y,) B(x,,y,), and С(х,,у,) are vertices of 
the triangle ABC. 


э 
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В(х, У») 


Figure 91. 


614. Incenter (Intersection of Angle Bisectors) of a Triangle 
_ ax, + bx, cx, _ ay, by, +су, 

a+b+c i a+b+c 
where a=BC, b=CA, c=AB. 


Xo 


B(x» У») 


Figure 92. 
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615. Circumcenter (Intersection of the Side Perpendicular 
Bisectors) of a Triangle 


x+y; У: 1 x, хі бу; 1 
ty; y; 1 x, хұ%у; 1 
гд Ж МИ x +y, 1 
° b у, YO x у, 1 
2x, y, 1 2x, y, 1 

x, y, 1 x, y, 1 

y 
B(x» У.) 


A(X; У.) 


C(x,, у.) 


Figure 93. 


135 


http:/ / fribok.blogspot.com/ 


CHAPTER 7. ANALYTIC СЕОМЕТВУ 


616. Orthocenter (Intersection of Altitudes) of a Triangle 


Yi хух, ЧУ! 1 Xj +у,у, x, 1 
У» X,X, +y; 1 х, +у,у, х, І 
У: хіх, +y; 1 ха * yy, x, 1 
X = , о = 

х у 1 х у 1 

х, у, І х, у, І 

х, у, І х, у, І 

y 
B(x,, у.) 


A(x,, у) 


C(x, Ys) 
0 
Figure 94, 
617. Area ofa Triangle 
X, у, 
1 1х, -х ын 
s=6 у, |-0)-1 ОМ 
2 2ix,-X, у, -У, 
X, Уз 


136 


http:/ / fribok.blogspot.com/ 


CHAPTER 7. ANALYTIC СЕОМЕТВУ 


618. Area of a Quadrilateral 
1 
55 (£l, —х, у, + у,)+ (х, – х,у, + у.) 
AE (x, -x, Xy; +y,)+ (x, -x, (у. ғу.) 


у 
B(x» У.) 


А(х, У.) 


С(х,, у.) 


00, у) 


Figure 95. 


Note: Іп formulas 617, 618 we choose the sign (+) or (-) so 
that to get a positive answer for area. 


619. Distance Between Two Points in Polar Coordinates 
d=AB= Jr +r; -2nr, cos(o, - 9, ) 
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B(r,, 9%) 
h 
r, А(г, Ф.) 
5 x 
Figure 96. 


620. Converting Rectangular Coordinates to Polar Coordinates 
х = г со5 Ф, y=rsing. 


y 


Figure 97. 


621. Converting Polar Coordinates to Rectangular Coordinates 


r=. x? «y? , tang - У. 
x 
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7.3 Straight Line іп Plane 


Point coordinates: X, Y, x, ху, хі, Yoo Ур а), а,,... 
Real numbers: К, a, b, р, t, A, B, С, A,, А,,.. 
Angles: a, В 

Angle between two lines: Ф 

Normal vector: n 


Position vectors: r, a, b 


622. General Equation of a Straight Line 
Ax+By+C=0 


623. Normal Vector to a Straight Line 
The vector n(A, B) is normal to the line Ax+By+C=0. 


y 


n (A, B) 


Figure 98. 


624. Explicit Equation of a Straight Line (Slope-Intercept Form) 
y=kx+b. 
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The gradient of the line is К = tana . 


y 
b 
о. 
0 
Ғідиге 99. 

625. Gradient of a Line 
k = апо 2-Й 
X, — X, 

y 


Figure 100. 
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626. Equation of a Line Given a Point and the Gradient 
у-У%Қх-х;), 
where К is the gradient, P(x,, y) is a point on the line. 


y 


Р(х, Yo) 


Figure 101. 


627. Equation ofa Line That Passes Through Two Points 


усу, _ Хх, 
У-У X, X, 
or 

x y 1 

X у, 1-0 
x, y, І 
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Figure 102. 


628. Intercept Form 


Тед 
а b 


Figure 103. 
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629. Normal Form 
xcosB+ysinB—p=0 


y 


Х 
Figure 104. 
630. Point Direction Form 
X Xi; = ў Хі 
Х Ү 
where (X, У) is the direction of the line and P,(x,,y,) lies 
on the line. 
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Р(х, у.) 


Figure 105. 


631. Vertical Line 
x=a 


632. Horizontal Line 
y=b 


633. Vector Equation of a Straight Line 
т=а+њ, 
ућеге 
О is the origin of the coordinates, 
X is any variable point on the line, 
a is the position vector of a known point A on the line , 


b is a known vector of direction, parallel to the line, 
tis a parameter, 


bei 
г - ОХ is the position vector of any point X on the line. 
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Figure 106. 


634. Straight Line іп Parametric Form 
x=a,+tb, 

Ë =a, +, 
where 
(х, у) are the coordinates of any unknown point on the line, 
(a,,a,) are the coordinates of a known point on the line, 
(b,, b, ) аге the coordinates of a vector parallel to the line, 
tis a parameter. 
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Figure 107. 


635. Distance From а Point To a Line 
The distance from the point P(a, b) to the line 
Ах + By +C=0 is 
4- |Aa+Bb+C| | 


МА: + В? 


Figure 108. 
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636. Parallel Lines 
Two lines y=k,x+b, and y=k,x+b, are parallel if 
k =k,. 
Two lines A,x+B,y+C,=0 and A,x+B,y+C,=0 are 
parallel if 
A, B, 


A, B, | 


Figure 109. 


637. Perpendicular Lines 
Two lines y=k,x+b, and y =k,x +b, are perpendicular if 
1 
k, = E or, equivalently, КК, = —1. 
1 
Two lines A,x+B,y+C,=0 and A,x+B,y+C,=0 are 


perpendicular if 
АА, +ВВ, - 0. 
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Figure 110. 


638. Angle Between Two Lines 


2 -К, 
{апф= š 
1+k,k, 
ae А.А, +B B, 


7 ГА +в2 ЈА +В: | 
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Еідиге 111. 


639. Intersection of Two Lines 
If two lines А,х-В,у-С,-0 and A,x+B,y+C, =0 inter- 
sect, the intersection point has coordinates 
„ОВ, +B, | САС КА, 
| АВ, — AB, 77% АВ, — AB, | 


7.4 Circle 


Radius: К 

Center of circle: (а, Б) 

Point coordinates: x, y, X}, y,, ... 
Real numbers: А, B, C, D, Е, Е, t 
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640. Equation of a Circle Centered at the Origin (Standard 
Form) 
x? Е у” = В? 


„Р(х, y) 


Figure 112. 
641. Equation оба Circle Centered at Any Point (а, Б) 
(х-а) +(y-b) =R° 
y 


Figure 113. 


150 


http:/ / fribok.blogspot.com/ 


CHAPTER 7. ANALYTIC СЕОМЕТВУ 


642. Three Point Form 


x+y x y 1 
х+у х Yi 1 о 
хі +y; x, у, 1 
кр жуу, 1 

y 

A(X, y,)¿ 

Х 
0 
Figure 114. 
643. Parametric Form 

х= Ксоѕї 

(2 0<1<2л. 
y-Rsint 


644. General Form 
Ax’ + Ay? + Dx + Ey +Е=0 (А nonzero, р? +E? >4АЕ). 
The center of the circle has coordinates (a, b), where 

E , b= $ 

2А 2А 

The radius of the circle is 


a= 
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D? +E’ - AAF 


R = 
2А| 


7.5 Ellipse 


645. 


Semimajor axis: a 

Semiminor axis: b 

Foci: Е(- c, 0), Е (с, 0) 
Distance between the foci: 2c 
Eccentricity: e 

Real numbers: A, В, C, О, Е, Е, t 
Perimeter: L 

Area: S 


Equation of an Ellipse (Standard Form) 


X ud. 
—+— =l 
a^ b 
y 
b 
Figure 115. 
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646. r +г, = 2а, 
where г, r, аге distances from апу point Р(х,у) оп 
the ellipse to the two foci. 


y 


P(x, у) 


Figure 116. 
647. a2=b2+c2 
648. Eccentricity 
с 
e=—<1 


a 


649. Equations of Directrices 


650. Parametric Form 


x=acost 
22» 0<%<2л. 
y =bsint 
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652. 


653. 


654. 


655. 
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General Form 
Ах? + Вху + Cy! +Dx+Ey+F=0, 
where B? - 4AC « 0. 


General Form with Axes Parallel to the Coordinate Axes 
Ах? Су” x Dx +Еу -F-0, 
where AC» 0. 


Circumference 

L=4aE(e), 

where the function E is the complete elliptic integral of 
the second kind. 


Approximate Formulas of the Circumference 


І x (1.5(a - b)- а), 
І зла? +b’). 


5 = лаб 


7.6 Нурегроја 


Transverse axis: а 

Conjugate axis: Б 

Foci: Е(- c, 0), Е (с, 0) 

Distance between the foci: 2c 
Eccentricity: e 

Asymptotes: s, t 

Real numbers: A, B, C, D, E, F, t, k 
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656. Equation of a Hyperbola (Standard Form) 


x? у” 
= = =] 
a^ b° 
y 
t 
Р, L al Б š 
-С 0 C 
S 
Figure 117. 
657. | —1,|=2a, 


where r, r, are distances from any point P(x,y) on 
the hyperbola to the two foci. 
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658. 


659. 


660. 


661. 


CHAPTER 7. ANALYTIC СЕОМЕТВУ 


Figure 118. 


Equations of Asymptotes 


—— 
a 


c =a’ +b? 


Eccentricity 


с 
e=—>1 


a 


Equations of Directrices 
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662. Parametric Equations of the Right Branch of a Hyperbola 
x =acosht 
: » 0<%<2л. 
у =bsinht 
663. General Form 
Ах? + Вху - Cy! + Dx + Ey -F-0, 
where В? -4AC» 0. 


664. General Form with Axes Parallel to the Coordinate Axes 
Ах? + Cy! x Dx +Еу -F-0, 
where AC «0. 


665. Asymptotic Form 


2 
e 


ora s 
or 
2 


= ware ke 
x 4 


In this case , the asymptotes have equations x=0 and 
y=0. 
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Figure 119. 


7.7 Parabola 


Focal parameter: р 
Focus: F 
Vertex: М(хоуо) 


Real numbers: А, В, C, D, E, F, p, a, b, с 


666. Equation of a Parabola (Standard Form) 
y = 2px 
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У 
Ї 
F 
-p/2 ON p⁄2 
Figure 120. 


Equation of the directrix 
2-5 
2 


Coordinates of the focus 
Coordinates of the vertex 
M(0,0). 

667. General Form 


Ах”-Вху-Су -Пх-Бу-Е-0, 
where B? - 4AC -0. 


1 
668. y=ax’, p=—. 
2a 
Equation of the directrix 
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ыр 
цай, 


Coordinates of the focus 


(о, B | 
2 


Coordinates of the vertex 
M(0,0). 


р/2 F 


-p/2 
Figure 121. 


669. General Form, Axis Parallel to the y-axis 
Ax? +Dx+ Ey + F=0 (A, E nonzero), 


1 
у =ax’+bx+c, p=—. 
2a 
Equation of the directrix 
Р 
y=yo - 2” 


Coordinates of the focus 
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Р 
хы, +2), 


Coordinates of the vertex 
b 5 4ac -b° 
XQ—7-—,y,-ax, + bx, +c= š 
2a 4a 


I М(х, У) f 


Figure 122. 


7.8 Three-Dimensional Coordinate System 


Point coordinates: ху, Уу» 20» Ху» Уу» 71»... 


Real number: À 

Distance between two points: d 
Area: 5 

Volume: V 
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670. Distance Between Two Points 
d=AB= «К, -хі) + (y; гу.) +(z, -z) 


2 
B(x,y,,Z) 
d 
A(X Y, Z.) 
0 
X 
Figure 123. 


671. Dividing a Line Segment in the Ratio À 


х, AX, y,*Ày, Z, + ÀZ, 
X, = › У - › 20 = › 
1-3 1+A 1+A 
where 
“78-20 1-1. 
СВ 
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2222 


A0 
Figure 124. 


2 
Со,%-2) 
Ва) ne 


mia а 


1-0 


Figure 125. 
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672. Midpoint of a Line Segment 


X +X + Z, +Z 
те 1 2 y, = ЭНЭРЭЛ 2 El, 


2 2 


673. Area ofa Triangle 
The area of a triangle with vertices P,(x,,y,,z,), 


P. x, y, и) and P.(x,,y,,z,) is given by 


674. Volume of a Tetrahedron 
The volume ої a tetrahedron with vertices Р(х,у 2), 


Р,(х,,у2,), ру); and P.(x,,y >Z, ) is given by 


X, у, Z 1 
E у, % 1 

6x, y, z, 1 

X, у, Z, 1 
or 

ifn у У, 71774 
Маг y. y, 7774. 

Х,-Х, Y-Y, 23—24 


Note: We choose the sign (+) ог (-) so that to get a positive 
answer for volume. 
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2 
D(x,,y,,Z,) 
сс, 
А(х,у,2.) 
0 ь. 4 
BUX, y, z 
X 
Figure 126. 
7.9 Plane 


Point coordinates: х, у, Z, Ху, Ур» Zo» Ху Уу» Zp 
Real numbers: А, В, С, О, А, A,, a, Б, с, а, а), A, pt. 
Normal vectors: n, n,, n, 

Direction cosines: cosa, cos, cosy 
Distance from point to plane: d 


675. General Equation of a Plane 
Ах + Ву +Cz+D=0 
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676. Normal Vector to а Plane 
The vector г (A, B, С) is normal to the plane 
Ax+By+Cz+D=0. 


z 


n (АВС) 


Ay 
Yeo, 
ж 
аж 
2272 


0 


Ғідиге 127. 


677. Particular Cases of the Equation of a Plane 
Ах + Ву +Cz+D=0 


If A=0, the plane is parallel to the x-axis. 
If B=0, the plane is parallel to the y-axis. 
If C=0, the plane is parallel to the z-axis. 
If D=0, the plane lies on the origin. 


If A=B=0, the plane is parallel to the xy-plane. 
If B=C=0, the plane is parallel to the yz-plane. 
If A=C=0, the plane is parallel to the xz-plane. 
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678. Point Direction Form 
A(x—x,)+B(y-y,)+C(z-z,)=0, 
where the point P(x,,y,,z,) lies in the plane, and the vec- 
tor (A, B, C) is normal to the plane. 


Z 
n (A,B,C) 
М(ху,2) 
а AE yy 20) 
4 У 


X 
Figure 128. 
679. Intercept Form 
Ж + y + = = 1 
a b c 
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Figure 129. 


680. Three Point Form 
хх. у-у, 27-7; 
X,-X, у-у 2-12, =0, 


Х,-Х, У: Уз 272 


or 
X y z 1 
Xi У! Z, 1 = 0 | 
X, У, 7, 1 
X; Уз 7, 1 
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By, 25) 
M(x,y,z) а Со уг.) 


A(X YZ) 


Figure 130. 


681. Normal Form 
xcosa+ycosh+zcosy—p=0, 
where p is the perpendicular distance from the origin to 
the plane , and cosa, сов , cosy are the direction cosines 
of any line normal to the plane. 
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Figure 131. 


682. Parametric Form 
X=X,+a,st+a,t 
y=y,t+b,s+b,t, 
Z=Z,+¢,s8+c,t 
where (x,y,z) are the coordinates of any unknown point on 
the line , the point Р(х, ,у,,2, ) lies in the plane, the vectors 
(a,,b,,c,) and (a,,b,,c, ) are parallel to the plane. 
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Figure 132. 


683. Dihedral Angle Between Two Planes 
If the planes are given by 
A,x+B,y+C,z+D, =0, 
A,x+B,y+C,z+D, 50, 
then the dihedral angle between them is 
пп, А А, +B B, СС, 


с08ф-(----- š 
ВЫ. JA EB +С ТАЗА +G 
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Figure 133. 


684. Parallel Planes 
Two planes Ax +B y - Ciz - D, =0 and 


A,x+B,y+C,z+D, =0 are parallel if 


685. Perpendicular Planes 
Two planes A,x+B,y+C,z+D, =0 and 


А х- B;y * Cz + D, =0 are perpendicular if 
А.А, +В,В, c CC, =0. 


686. Equation of a Plane Through P(x,,y,,z,) and Parallel То 
the Vectors (a,,b,,c,) and (a,,b,,c,) (Fig.132) 
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687. Equation of a Plane Through P,(x,,y,,z,) and Р.(х,,у,,2,), 
and Parallel То the Vector (a, b, с) 
хк, усу 47% 
1 У-У. 2-2 =0 
а b c 


X,—X 


— 


и (a,b,c) 
p Ро, YZ) 
° 


P XYZ) 


Figure 134. 


688. Distance From a Point To a Plane 
The distance from the point P,(x,,y,,z,) to the plane 
Ax+By+Cz+D=0 18 
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Ш Ax, + Ву, +Cz,+D 


JA? +В? + С? 


2 


d 


Р(х,у,24) 


Ғідиге 135. 


689. Intersection of Two Planes 
If two planes A,x+B,y+C,z+D, =0 and 


A,x+B,y+C,z+D,=0 intersect, the intersection straight 
line is given by 
х=х, tat 


y=y,+bt, 
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a= В. С, = С, А, c= A, B, 
B, C, | С, А, | А, В, | 
ы» С, р, В, 
-С 
Ей D, C, D, B, 
iss а +b? +e? | 
р, A, р, С, 
с -а 
_ D, А, D, С, 
ын а + +c i 
р, В, р, А, 
а —b 
_ D, B, D, A, 
а” а? +b’? + с 


7.10 Straight Line in Space 


690. 


Point coordinates: x, y, Z, Хү, Уу» 2» ++ 
Direction cosines: cosa, cosh, cosy 

Real numbers: А, В, С, D, a, Б, с, а), a,,t,... 
Direction vectors of a line: 8, 5), s, 


Normal vector to a plane: n 
Angle between two lines: @ 


Point Direction Form of the Equation of a Line 
хх, у- у; 2-2; 
т kaq > 
a b с 
where the point P,(x,,y,,z,) lies on the line, and (a,b,c) is 
the direction vector of the line. 
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s (a,b,c) 
ae 


P Xyz) 


Figure 136. 


691. Two Point Form 
Х-Х, 2 у У, = 2—11 


Х,-Х, У, У, 2,72 


P (XYZ) 
Р(х,у,2) 


Ғідиге 137. 
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692. Parametric Form 
х-х, “(сова 
уз у, +со$ , 
Z=Z,+tcosy 
where the point P, (x, y, zi) lies on the straight line, 
cosa, сов , cosy are the direction cosines of the direction 
vector of the line, the parameter t is any real number. 


2 
Р ма 
у 5 
0118 у 
о, 
x 
Figure 138. 


693. Angle Between Two Straight Lines 
S S, _ аа, ЬЬ + cc, 


С08ф- 


||| (ызы аа +2 әсі 
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Figure 139. 


694. Parallel Lines 
Two lines are parallel if 


s || 8, 

ОГ 

a b, с, 
a, b, c, 


695. Perpendicular Lines 
Two lines are parallel if 
$,:$, = 0, 
or 
a,a,+b,b,+¢,c, =0. 


696. Intersection of Two Lines 


-Х, = ба Yi = Z Zi 


Two lines 2 and 
a b 


1 1 
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з. У У; aes 


Parallel Line and Plane 

-Х ES Yi = dui 
a b с 
Ax+By+Cz+D=0 are parallel if 
п:5=0, 

ог 

Aa t Bb Сс= 0. 


The straight line x and the plane 


2 


В (х,У,2,) 


s(a,b,c) 


ж 
“Рэнд 
52-77 
SH 


0 


Figure 140. 
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698. Perpendicular Line апа Plane 


— Y Yi 7771 and the plane 
b с 


Ax+By+Cz+D=0 are perpendicular if 


The straight line = 


8| 8, 


EC 


о |> 8 
[=> 
о | 


s(a,b,c) 


n (A,B,C) 


Figure 141. 


7.11 Quadric Surfaces 


Point coordinates of the quadric surfaces: x, y, z 
Real numbers: A, B, C, a, b, c, k,,k,,k,,... 
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699. General Quadratic Equation 
Ах? + By? + Cz’ + 2Fyz + 2Gzx + 2Hxy + 2Px + 2Qy + 2Rz+D=0 


700. Classification of Quadric Surfaces 


Case | Rank(e) | Rank(E) A k signs Type of Surface 
1 3 4 <0 Same Real Ellipsoid 
2 3 4 >0 Same Imaginary Ellipsoid 
3 3 4 20 | Different Hyperboloid of 1 Sheet 
4 3 4 0 | Different Hyperboloid of 2 Sheets 
5 3 3 Different Real Quadric Cone 
6 3 3 Same Imaginary Quadric Cone 
7 2 4 <0 Same Elliptic Paraboloid 
8 2 4 »0 | Different Hyperbolic Paraboloid 
9 2 3 Same Real Elliptic Cylinder 
10 2 3 Same Imaginary Elliptic Cylinder 
11 2 3 Different Hyperbolic Cylinder 
12 2 2 Different Real Intersecting Planes 
13 2 2 Same Imaginary Intersecting Planes 
14 1 3 Parabolic Cylinder 
15 1 2 Real Parallel Planes 
16 1 2 Imaginary Parallel Planes 
17 1 1 Coincident Planes 
Here 
A H G шаг 
H B F Q 
е= H В F|,E= , A=det(E), 
G F C R 
G F C 
P Q R D 


k,,k,,k, are the roots of the equation, 
A-x H G 

Н Вх Е |=0. 

G Е С-х 
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701. Real Ellipsoid (Case 1) 
x? у” 72 
su 


Figure 142. 


702. Imaginary Ellipsoid (Case 2) 
x? у” 72 
—+—+—=-l 
а: b? c 


703. Hyperboloid of 1 Sheet (Case 3) 
X y 27 


n | 
а b с 
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Figure 143. 
704. Hyperboloid of 2 Sheets (Сазе 4) 
2 2 2 
x y 27 
a b gU 
Ё 
| 
-Ё 
X 


Figure 144. 
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705. Real Quadric Cone (Case 5) 
x? у” z2 


+ — 
а’ b с 


Figure 145. 


706. Imaginary Quadric Cone (Case 6) 
x y z 
—+=— +—==0 
a bc 


707. Elliptic Paraboloid (Case 7) 
x? у” 
—Ttl-2-0 
a^ b! 
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Figure 146. 
708. Hyperbolic Paraboloid (Сазе 8) 
2 2 
ый ЭР y —7=0 
a b 


Figure 147. 
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709. RealElliptic Cylinder (Сазе 9) 


2 2 
х 71 


+ — 
a b! 


Figure 148. 


710. Imaginary Elliptic Cylinder (Case 10) 


ша 
a b! 


711. Hyperbolic Cylinder (Сазе 11) 
2 2 
ч 
a^ b 
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Figure 149. 


712. Real Intersecting Planes (Case 12) 
2 2 


x y 0 


2422: 
а’ b 


713. Imaginary Intersecting Planes (Case 13) 


2 2 


х у 
T—-0 
a^ b! 


714. Parabolic Cylinder (Case 14) 


2 
X 


2--ү-0 
а? d 
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Figure 150. 


715. Real Parallel Planes (Case 15) 


716. Imaginary Parallel Planes (Case 16) 


717. Coincident Planes (Case 17) 
x’ =0 
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7.12 Sphere 


Radius of a sphere: К 

Point coordinates: x, у, Z, Хү, у,, 2,» ++ 
Center of a sphere: (a,b, c) 

Real numbers: A, D, E, F, M 


718. Equation of a Sphere Centered at the Origin (Standard 
Form) 


x+y +2? =В? 


Figure 151. 


719. Equation of a Circle Centered at Any Point (a,b,c) 
(х—а) +(y—b) +(z—c) =R’ 


720. Diameter Form 
(x—x, )(x-x,)+(y-y, y-y.)+(z-z, \z-z,)=0, 
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where 
Р(хру 2), P.,(x,,y,,z,) are the ends ofa diameter. 


721. Four Point Form 
x’ +y +: x y z 
2 2 2 
Х, tyi +X, X, yi 7, 
2 2 2 
х ту, TX, X, У; 7, 


2,.2,.2 
X; +Y; tX; X, y, 2; 


кі к — ры ы 
І 
о 


"ES NE 
X, +y tX, X, У, 7, 


722. General Form 

Ах” + Ay’ + Az’ + Dx + Ey + Ех + M =0 (A is nonzero). 

The center of the sphere has coordinates (a,b,c), where 
D 

,b- = „с= - : 
2А 2А 2А 
The radius of the sphere 18 
VD? + Е? +F -4А?М 
2А | 


а= 


В = 
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Differential Calculus 


Functions: f, g, y, u, v 

Argument (independent variable): x 
Real numbers: a, b, c, d 

Natural number: n 

Angle: a 

Inverse function: f~ 


8.1 Functions and Their Graphs 


723. Even Function 


f(-x)- f(x) 


724. OddFunction 


f(- x)= -f(x) 


725. Periodic Function 
f(x - nT)- f(x) 


726. Inverse Function 


y = f(x) is any function, x =¢(y) or y =f (х) is its inverse 
function. 
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Figure 152. 


727. Composite Function 
у= (и), u= g(x), у =f(g(x)) 15 a composite function. 


728. Linear Function 


y=ax+b, хеК, a=tana is the slope of the line, b is 
the y-intercept. 
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y = ax+b 


Figure 153. 


729. Quadratic Function 
узх”, хеВ. 


Figure 154. 
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730. y=ax’+bxic, xeR. 


y 
a>0 
у = ax?*bx*c 
0 
а<0 
Figure 155. 
731. Cubic Function 
y-x!,xeR. 
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Figure 156. 


732. у=ах +ђх + сх+4, xeR. 
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y 


у = ax? +рх2+сх+а 


а>0 
0 
a<0 
Figure 157. 
733. Power Function 
y=x",neN. 
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y 
у=х® 
у= х“ 
yes 
(-1,1) (1,1) 
0 
Figure 158. 
y 


Figure 159. 
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734. Square Root Function 


y= x, х Є|0, оо). 


y 


у хо 


Figure 160. 


735. Exponential Functions 
y-a',a»0,azl, 
y=e* if a=e, е=2.71828182846... 


0<a<1 а» 1 


0,1) 


Figure 161. 
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736. Logarithmic Functions 
y=log,x, хе (0,00), а>0, az1, 
y-Inx ifa=e, x>0. 


y 
y = log.x 
а>1 
(1,0) X 
0 
0<а<1 
Ғідиге 162. 
737. Hyperbolic Sine Function 
у =sinhx, sinh x = Š ——,xeR. 
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y = sinh x 


Figure 163. 


738. Hyperbolic Cosine Function 


x -Х 


te 


e 
y-coshx, cosh x =  ХеВ. 


y = cosh x 


Figure 164. 
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739. Hyperbolic Tangent Function 


x 


sinhx е-е 


y-tanhx, у =tanh x = — хеК. 
coshx е +е 
y 
а у = tanh x 
0 Х 
-1 
Figure 165. 
740. Hyperbolic Cotangent Function 
h x -Х 
y=cothx, y=coth x = 22 ы ,хеК, хай. 


sinhx е-е” 
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y = coth x 


— 


Figure 166. 


741. Hyperbolic Secant Function 
1 2 


= ‚ ХЕК. 
coshx e+e 


у =sechx, y=sechx= 


-Х 


y = sech x 


Figure 167. 
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742. Hyperbolic Cosecant Function 
1 
y-csch x, y= csch x =— = —,xeR,x#0. 
sinhx е-е” 


¥ 


у = csch x 


Figure 168. 


743. Inverse Hyperbolic Sine Function 
y-arcsinh x, x eR. 
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y 
y = arcsinh x 
0 x 
Figure 169. 


744. Inverse Hyperbolic Cosine Function 
у =arccosh x, x e Й, оо). 


y 


y = arccosh x 


Figure 170. 


745. Inverse Hyperbolic Tangent Function 
у =arctanh x, хє(-1, 1). 
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y = arctanh x 


1 


Figure 171. 


746. Inverse Hyperbolic Cotangent Function 
у =arccothx, x e(-oo,- 1) (1, со). 


205 


http:/ / fribok.blogspot.com/ 


CHAPTER 8. DIFFERENTIAL CALCULUS 


y = arccoth x 


Figure 172. 


747. Inverse Hyperbolic Secant Function 
у =arcsech х, хе (0, 1]. 
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y = arcsech x 


Figure 173. 


748. Inverse Hyperbolic Cosecant Function 
y-arccschx, хеК, х “0. 


y 


y = arccsch x 


Figure 174. 
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8.2 Limits of Functions 


Functions: f(x), g(x) 
Argument: x 
Real constants: a, k 


749. lim[f(x)+¢(x)|= lim f(x)+ lim g(x) 


xa 


750. lim[f(x)- g(x)]- limf(x)- lim g(x) 


xa xa xa 


751. lim[f(x):g(x)]- limf(x)-limg(x) 


xa xa xa 


limf(x 
752. in fe. xn l Lr limg(x)z 0. 


753. lim[kf(x)|=klimf(x) 


xa xa 


754. lim f(g(x))- fllimg(x)) 


xa 


755. limf(x)- Ка), if the function f(x) is continuous at x =a. 


xa 


756. limo =1 
х->0 x 

357. іа 
х->0 x 
. -l 

758. lim -1 
х->0 x 
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760. 


761. 


762. 


763. 
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lim 1 
х-0 x 

lim In(1+x) À 
x0 x 


8.3 Definition and Properties of the Derivative 


764. 


Functions: f, g, y, u, v 
Independent variable: x 
Real constant: k 

Angle: о. 
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Figure 175. 


765. dy =tana 
dx 


766. =— + — 
dx dx dx 
767. d(u-v)_ du dv 
dx dx dx 
768. Xu), du 
dx dx 


769. Product Rule 
d(u-v) du dv 
= „У + u:-— 
dx dx dx 
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771. 


772. 


773. 


774. 


CHAPTER 8. DIFFERENTIAL CALCULUS 


Quotient Rule 
du 1% 
а) _ dx dx 
у? 


4х у 


Chain Rule 
y =f(g(x)), u=g(x), 
dy dy du 


dx du dx ` 


Derivative of Inverse Function 
dy 1 
dx dx | 


dy 
where х(у)і5 the inverse function of y(x). 


Reciprocal Rule 


Logarithmic Differentiation 
y=f(x), Iny=Inf(x), 


AI £ ШЕ 


x 


8.4 Table of Derivatives 


Independent variable: x 
Real constants: C, a, b, c 
Natural number: n 
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775. 


776. 


777. 


778. 


779. 


780. 


781. 


782. 


783. 


784. 


785. 
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e) 

d ( `, n 
+Ë ) x" 
Ци 
dxix/ x 

d 1 
2 
d(y 1 
Ce 
Z (ах) 

Z (ов, )=—, a>0, asl. 
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786. 


787. 


788. 


789. 


790. 


791. 


792. 


793. 


794. 


795. 


796. 
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d 


— (а ј=а ша, a>0,a¥#l. 
28) 


4 
—(sec x) = tan x-secx 
dx 


d 
—(cscx)= —cotx.cscx 
dx 


d ; 1 
—(arcsin x) = 

dx 1-х? 
аа х) -- : 
dx 1-х? 
(arctan x) = 2 
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797. 


798. 


799. 


800. 


801. 


802. 


803. 


804. 


805. 


806. 


807. 


CHAPTER 8. DIFFERENTIAL CALCULUS 


е cot x) =— 

dx 1+х? 
—(arcsecx)= а И 

dx Ix| V х”-1 

S d cscx)= TE M 

dx Ix iV х'-1 

ы (sinhx)= соѕ x 

dx 

ЕРА x)- sinhx 

dx 

d 2 
—(tanhx)= ;--sech'x 
dx cosh’ x 

d 2 
--(соһх)--- ;--7-csch'x 
dx sinh x 

d 
— (sech х) = –весћ x- tanh x 
dx 


Sod х) = —csch x со x 
dx 


(асай х)= | 
dx x’ +1 
a (arccosh x)= l 
dx х'-1 
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808. A шин = x|«1. 
dx 1-х 

809. Я (arecothx)=-—1_, x|>1. 
dx х -1 

810. Lie 0) e 
dx dx dx 


8.5 Higher Order Derivatives 


Functions: f, y, u, v 
Independent variable: x 
Natural number: n 


811. Second derivative 


" 8-2) 2 m. d'y 


4х) dx\dx) dx? 


812. Higher-Order derivative 
813. (us v)" =u v) 
814. (u-v) =u” - у) 


815. Leibnitz's Formulas 
(44 
(uv) =u"v+2u'v’+uv" 
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816. 


817. 


818. 


819. 


820. 


821. 


822. 


823. 


824. 
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moe т! , 


(uv) -u'"v-3u'v' -3u'v" + цу" 
(uv) Са уп" у тін 2 ) шил 


(a p = m?a?* In? a 
(sin x)” = inl x ын 


(cosx)”) = cos x + =) 


216 


http:/ / fribok.blogspot.com/ 


... + UV 


(n) 
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8.6 Applications of Derivative 


825. 


826. 


Functions: f, g, y 
Position of an object: s 
Velocity: v 
Acceleration: w 
Independent variable: x 
Time: t 

Natural number: n 


Velocity and Acceleration 

s=f(t) is the position of an object relative to a fixed 
coordinate system at a time t, 

v=s'=f'(t) is the instantaneous velocity of the object, 
w=v'=s"=f"(t) is the instantaneous acceleration of 
the object. 


Tangent Line 
у У = f'(x, x E х) 
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Figure 176. 


827. Normal Line 


1 А 
У-У, "рах хе) (Fig 176) 


828. Increasing and Decreasing Functions. 
If f'(x,)> 0, then f(x) is increasing at x,. (Fig 177, x «xj, 
x, <x), 
If f'(x,)« 0, then f(x) is decreasing at х,. (Fig 177, 
x <x<x,), 
If f' (x,) does not exist or is zero, then the test fails. 
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y = f(x) 


Figure 177. 


Local extrema 
A function f(x) has a local maximum at х, if and only if 


there exists some interval containing x, such that 
f(x,)2 f(x) for all x іп the interval (Fig.177). 


A function f(x) has a local minimum at x, if and only if 
there exists some interval containing x, such that 
f(x, ) < f(x) for all x in the interval (Fig.177). 


Critical Points 
A critical point on f(x) occurs at x, if and only if either 


Р (x, ) is zero or the derivative doesn't exist. 


First Derivative Test for Local Extrema. 

If f(x) is increasing (f' (х)» 0) бог all x іп some interval 
(a,x,| and f(x) is decreasing (f'(x)«0) for all x in some 
interval [x,,b), then f(x) has a local maximum at x, 
(Fig.177). 
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835. 
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If f(x) is decreasing ( f' (x) <0) for all x in some interval 
(a, x 3] and f(x) is increasing ( f' (x) > 0) for all x in some 
interval [х, ,b) , then f(x) has a local minimum at x,. 
(Fig.177). 


Second Derivative Test for Local Extrema. 

If f'(x,)=0 and f"(x,)<0, then f(x) has а local maximum 
at x,. 

If f'(x,)- 0 and f"(x,)» 0, then f(x) has a local minimum 
at x,. (Fig.177) 


Concavity. 

f(x) is concave upward at x, if and only if f'(x) is 
increasing at x, (Fig.177, x, <x). 

f(x) is concave downward at x, if and only if f'(x) is 
decreasing at ху. (Fig.177, x< x,). 


Second Derivative Test for Concavity. 
If f"(x,)» 0, then f(x) is concave upward at x,. 


If f "(хо ) <0, then f(x) is concave downward at x,. 
If f(x) does not exist or is zero, then the test fails. 


Inflection Points 
If f'(x,) exists and f(x) changes sign at x=x,, then 


the point (x,,f(x, )) is an inflection point of the graph of 
f(x). If f" (x,) exists at the inflection point, then Ё"(х,)=0 
(Fig.177). 


3 


L’Hopital’s Rule 

Í 0 
Ба -lim 23 if lim f(x) = lim ЈЕ і 
xc g(x) xc g (x) xc xc oo 
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8.7 Differential 


Functions: f, u, v 

Independent variable: x 

Derivative of a function: у (х), f'(x) 
Real constant: C 

Differential of function у = f(x): dy 
Differential of x: dx 

Small change in x: Ax 

Small change in y: Ay 


838. dy-y'dx 


839. f(x-- Ах) = f(x)-- f'(x)Ax 


y 


Figure 178. 
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840. Small Change in y 
Ay = f(x + Ax)- f(x) 


841. «(а-у)-4а--4у 
842. фи-у)-44-4у 
843. d(Cu)=Cdu 


844. d(uv)=vdu+udv 


2 


У У 


845 42] _ vdu- иу 


8.8 Multivariable Functions 


Functions of two variables: z(x,y), f(x,y), g(x,y), h(x,y) 
Arguments: x, У, t 
Small changes in x, y, z, respectively: Ax, Ay , Az. 


846. First Order Partial Derivatives 
The partial derivative with respect to x 


of OZ 


—=f, (also —=z,), 
шог X) 


Ox 
The partial derivative with respect to y 
Жақ (also ~ 
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847. Second Order Partial Derivatives 


1. 

Ox Ox) Әк” 

2а _f 

буду) ду? ” 

ор ж 

бу! бх) дудх |" 
42. 

дх| ду) OxOy | 

If the derivatives аге continuous, then 


0% of 
дудх óxóy ` 


848. Chain Rules 
If f(x,y)=g(h(x,y)) (g із a function of one variable h), then 


af буја, # осу) ай 
авы, Z-a). 


Of dx of dy 
If h(t)=f(x(t),y(t)), then h'(t)2 —— +——. 
Ке fixe) y (0), then в) 455, 64) 
If 2 = f(x(u, v), y(u, v)), then 
Oz Of Ox | Of Oy óz Of Ox | Of ду 
ди дхби дуди’ бу дхду дуду 


849. Small Changes 
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852. 
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Local Maxima and Minima 
f(x,y) has а local maximum at (хо, y.) if f(x,y)< f(x, y) 
for all (x,y) sufficiently close to (х,,у,). 


f(x, y) has a local minimum at (x,,y,) if f(x,y)2 хо, y,) 
for all (x,y) sufficiently close to (x, y, ). 


Stationary Points 
af а. 
бх ду 


Local maxima and local minima occur at stationary points. 


Saddle Point 
А stationary point which is neither a local maximum 
nor а local minimum 


Second Derivative Test for Stationary Points 


Let (x,,y,) be a stationary point 2- = =0). 


ду 
Е (Хо›Уо) Е, (хо›Уо) 


b f (xy) f (хозУг) | 


IfD>0, Е, (x әу) >0, (xy) is a point of local minima. 
If D>0, Е (ху) «0, (xy, y,) isa point of local maxima. 
If D«0, (x oo) i is a saddle point. 

If D=0, the test fails. 


Tangent Plane 
The equation of the tangent plane to the surface z = f (x,y) 


at (x ХУ ) is 
2-7 зах Ух —x,)+f (х,у, - У). 
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855. Normal to Surface 
The equation of the normal to the surface z = f (x,y) at 
(хауыз) 18 
Х-хХ, - у-у, 7-7, 


£ (хо, У) f (xy) -1 ` 


8.9 Differential Operators 


Unit vectors along the coordinate axes: i, j, k 
Scalar functions (scalar fields): f(x,y,z), ц(х,,х,,...,х,) 
Gradient of a scalar field: grad u, Vu 


Directional derivative: E 
Vector function (vector field): F (P,Q,R) 
Divergence of a vector field: div Е, У.Е 


Curl of a vector field: curl В, Vx Ë 


Laplacian operator: V? 


856. Gradient of a Scalar Function 


grad f = Vf = Ша а , 
Ox Oy Oz 
grad и = Vu = A “і Эвт 2 : 
дх, 0x, OX, 
857. Directional Derivative 
Of of of of 
— = — cosa + —cosp +—cosy, 
а Ох ду Oz 
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859. 


860. 


861. 


862. 


863. 


864. 
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where the direction is defined by the vector 
(сова, cosp, cosy), cos? а + cos? В+ cos? =1. 


Divergence of a Vector Field 


дж тене 09 
Ox Oy Oz 


Curl of a Vector Field 
curl Е=УхЕ= 
Q 
.[9R 20 zb A Ja 00 Фр L 
Oy д Oz Ox Ox Oy 
Laplacian Operator 


Of Of оң 
фа 
Ox! ду? Oz 


div(curl E)- V. (v x F)= 0 
curl(grad f )= V x(Vf)=0 


div(grad f)= V (УЕ)= УЗ 


curl(curl F)= grad(div E)- УЕ = У F)- (728: 
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9.1 


865. 


866. 


867. 


868. 


869. 


870. 


Chapter 9 
Integral Calculus 


Functions: f, g, u, v 
Independent variables: x, t, 6 


Indefinite integral of a function: | f(x)dx, | g(x)dx , .. 
Derivative of a function: y'(x), f'(x), F'(x), .. 


Real constants: C, a, b, с, d, К 
Natural numbers: m, п, i, j 


Indefinite Integral 

[еба = F(x)+C if Р(х) f(x). 
(69x) = ео) 

[f(x )ax =k | ух 

Де) вах = | «х» | (х/х 
flt) - (ах = [хіх - [в(х)ах 


227 


http:/ / fribok.blogspot.com/ 


CHAPTER 9. INTEGRAL CALCULUS 
871. [ах «Бук = ах +Ь)+С 
872. [f(x)'(x)dx = f (x)+C 
873. | FU ds = тај х)-С 


f(x) 


874. Method of Substitution 


[fGx)dx = [f(u(t))u' (oat if x = u(t). 


875. Integration by Parts 
Гу = uv - [vdu, 


where u(x), v(x) are differentiable functions. 


9.2 Integrals of Rational Functions 


876. [аах - ax +C 


877. [xix — +c 
2 


878. [а= — +C 
3 


879. [x'dx- 8 
р+1 
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(ax ц b)" 


C, —1. 
И 


880. [(ax--b)'dx- 


881. [E = In|x +C 
x 


882. [= — mpx jc 
ax+b a 
883. [at ba, y. шэн ad скае 
сх-4 б с? 
ах 1 net? 
884. |= C,azb. 
= аЬ. х +а малын 
хах 1 
885. | = — (a - bx -alnļa Ьх])з С 
а+ђх b°? 
хіх 111 2 
886. | =—|—(a+bx) -2a(a-bx)-- a? (а +bx| |+C 
а+ђх b| 2 
ВВ [таер 
(а--Ьх) a x 
dx 1 b. ja+bx 
888. =—-—+—] С 
i (a-bx) ах а” : 


4х 
889. [> |ша+ь C 
I euer b’ = цайны сыр 
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х dx 17 а” ) 
890. |—= а + bx – 2a In|a + bx|- ——— +C 
(a+bx) ЫҚ a+bx J 
891. -x P 08 Qd =: +C 
x(a-bx) a(a+bx) а 
892. [- ых, с 
x —1 2 х-1 
893. |-2---16 С 
1-х? 2 11-х 
894. | ы 
а'-х! га (а-х 
895. | оС 
х'-а За |х-а 
896. [tente 
+x 
897. | гс -Заш гс 
а’+х’ а а 
898. -5 -ly(e за?) С 


dx 1 b 
899. је с = ум | +С , ab >0. 
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900. | “Ë Ерс + С 
a+bx* 2b b 
2 
901. [9 - + in| ec 
(а + bx?) 2a |а--Һх? 
902. ы но +С 
a’—b’x? 2ab (а-Їх 
903 j dx _ 1 I 2ax+b-— v b^ Час +С 
ax’+bxt+c /Ь?—4ас |[2ax+b+.b2-4ac | 
b? -4ac» 0. 
dx 2 2ax +b 
904. = arctan ———— — + C, 
гарт 44ac- b? 44ac — Чэн 
Бг —4ac <0. 


9.3 Integrals of Irrational Functions 


905. "тнт С 
-= А Е +Ь + 


906. [ax b dx =— __ (ах +Ь +C 


dx | 2(ax-2b) 
907. = = Vax+b+C 
J Мах +Ь За” = 
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909. 


910. 


911. 


912. 


913. 


914. 


915. 
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рећи ах шавах 25), Ис 


| 


4х 


1 Мах +b —Jb—ac +С 


= In 
(x+cWax+b УБ—ас [|/ax+b++.b-ac 


b-ac»0. 


J 


[ m dx- 
cx 
[ах +b 
J сх+а 


dx 


1 jax +b 
= arctan | ——— + С, 
(x+cWax+b хас ac—b 


b-ac«0. 


| ad- 


с 


_ ad 


С 


«ах +b\cx+d)— 


2C In| al сх+а)+./с( ax+b) +C, a>0. 


ac 


dx - L = +b\cx+d)- 


—be а(сх +d 


arctan 


ac c(ax +b) 


2 2.2 
разра —12abx +15b“x ) (a +bx) 


Їл 
| 


105b? 
х ах _ Хва” — 4abx + 3b?x denos 
а+ bx +С 
Ма+ђх | 15b° 
dx vat bx - Ja 
+C,a>0. 
ха + bx - 71 тетя 
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a+bx 
arctan 


916. +С,а<0. 
[A T й 
917. Perm (a - x (b + х) + (a  b)arcsin eC 
918. | zx dk —\/(а + x X Хь- х) -(а--Ь) Jarcsin р= гана 
уь- 55 a+b 
919. Ї а= 1-57 +arcsinx +С 
-х 


dx х-а 
920. [2-2 in |-— + C 
№) arcsin 7 
921. ХЭН 
с 


b? —4ac . 2cx-b 
+ arcsin ————— + C 
зо 


4b? +4ac 


922. | = l прах +b+ 2 Јајах +bx +c] +С, 
Мах? +bx+c Ха 
a>0. 

923. | - ПИ tO гу HO. ага 
Мах? +bx + с Ма 4a 


+C 


2 
924. Г надхо +a? 5 inl + х Фа 
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926. 


927. 


928. 


929. 


930. 


931. 


932. 


933. 


934. 


CHAPTER 9. INTEGRAL CALCULUS 


БН +а?ах = Le +a с 


је Мх? +а ах = «(ге Ба Wx? +a? — 


+C 


а + x° а” 


Тэг сс 


2 
x 


+C 


ни х +a 


Ішсе е аў с 


x 


a+ Ух” +a? 


+C 


[02 2 
[9 ака +aln 
x 


l. xdx = Vx? +a +С 


х ах =ž Ja? 
ІҢ- —Vx +a -Hink х? +а? 
Ах” за? 


+C 


x 


a+ x? +a? 


+C 


| = =—In 
хух +a а 


2 


| Vx? -a?dx -7 Ja а” Inc іа 


+C 


[хух? —а°4х= (с -аг)з +C 
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935. 


936. 


937. 


938. 


939. 


940. 


941. 


942. 


943. 


944. 


| 


J 
J 


Ја 


la 
lm 


J 
J 


d 
Бе 
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2 2 
ух“ а 5-і . а 
NX 7? ax =x? а2 заст +С 
x x 


шин х =a 


Ух’ а? ix ух 
х? 
dx 
"m" -a +C 
vx p 
са = 4х? фа? +С 


x'dx 5 
— x?-a? zr ха? 


1 . а 
=——arcsin—+ C 
а x 


хх” га” 


dx _ 1 x-a с 


(х+ајух -a? захаа 


4х _ 1 [ха 


(x-aWx?-a? | аүх-а 
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945. [6 -а a| =— ( (2x? —5a! Nx? -a? + 


+C 


За" 
+ n Бах” =a" 


2 
946. Wit Ede arcsin +C 
a 
947. БЕ —х?ах=- “а -Х VA с 
4 
948. Ге Ма? —х ах = ах га Wa? -х? + arcsin— +C 
a 


+C 


12 2 
949. | газ dx =a’ - x? - aln 


X 


x 
а+ма —х“ 


1,2 2 J. 2 2 
950. | 1 = dx-— "3 —* _ arcsin* +C 
x x a 
dx 
951. = arcsin x + C 
| 


952. | = ==sin=+C 
a 


953. | -2-Ja^-x*4C 


2 2 
954. | =o = Va? -x* +7 aresin—+C 
a 
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| dx _ 1 |а-х +С 
(x - aNa! - x? 2Va+x 

[ dx z 1 ја+х +С 
(х-а)\/а? -x? 2Va-x 

[ dx Ш 1 
(x+bWa? -x! Jp-a? a(x +b) 


J 


dx 1 


. bx«a? 
arcsin +C, b>a. 


x+b 


= In 
(x+bWa?-x? ҹа? | а -b Va? —x? +a? + bx 


b<a. 


J 


J 
J 


dx 
fox 3x 2 
x? a? — x° ах 


4 


(а? БЭХ —2x? Wa? -x° + = 


dx 


= 2 -С 
>= 
(а? -x?)? а? [22 — x? 


. X 
arcsin — 4- C 
a 


9.4 Integrals of Trigonometric Functions 


962. [sinxdx =—cosx +C 


963. [cos xdx =sinx + C 
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1 
964. [sin? x dx =~——sin2x С 
2 4 
1. 
965. [cos?x dx 2 2+ віпах + С 
2 4 
: 1 1 3 
966. sin? x dx =— cos’ x -cosx +C= cos3x——cosx+C 
3 12 4 


967. [ соз? хдх= а= чий. +С га йй баша 
3 12 4 


968. [E = [ссх dx = Intan Z +C 
sinx 2 

969. | ч = fsecx dx =Intan(ž +2 0с 
COS X 2 4 


970. |i = [esex dx = -cotx + C 
sin’ x 


971. | = [sec x dx = tanx +C 


2 = 


Cos x 
dx 3 cosx 1 x 
972. | —; = | esc x dx = -——— + аап +С 
sin” x 28 х 2 2 
3 sinx 1 x лі 
973. | 5 = | вес x dx = ;—-Intan —+— |+С 
cos x 2с08 х 2 2 4) 


974. [sinxcosx dx- “а созах + С 
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977. 


978. 


979. 


980. 


981. 


982. 


983. 


984. 


985. 


986. 
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. 2 1 823 
[sin xcosx dx =—sin х- C 
3 
. 2 1 3 
[зіп хсоз xdx=——cos x +C 
3 
: х 1, 
[ sin? x cos x dx =—-—sin4x + С 
8 32 


[tan xdx = —In|cos x| +C 


sinx 1 
| > dx = +C=secx+C 
cos’ х cosx 

sin? x X T 
| dx =In|tan} — +— |—sinx +C 
cos X 2 4 


[tan?x dx =tanx—x+C 


[cot xdx = In|sin x| +C 


cosx 1 
J- ; dx = -—— + C=-cesex+C 
sin“ x sin x 

cos’ x x 
| - dx = Injtan—|+ cosx + C 
sin x 2 


[сог х dx = -cotx -x «C 


dx 
[—— = In|tan x| +C 
cos x sin x 
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989. 


990. 


991. 


992. 


993. 


994. 


995. 
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dx 1 Xx л 
| 2-5 -----4Ш |-4-14С 
sin“ ХСО5Х sin x 2 4 

dx 1 x 
| - 5— = +Intan— +C 
sinxcos’x СО$Х 2 

dx 
|= tanx-cotx+€ 
sin’ x cos’ x 


sin(m + n)x 2 sin(m —n)x 
2(m + n) 2(m = n) 


[sinmx sinnx dx = +C, 
т? z n°. 


cos(m + n)x cos(m — n) 


[sinmxcosnx dx = Огеш) аа) +С, 
т? = п?. 
[cosmx cosnx dx = sin(m +n)x + sin(m—n)x +C, 


2(m + n) 2(m = n) 


m! п”. 
f secx tan хах = secx + С 


| csex cot xdx =—csex + C 


[sinxcos" x dx =- 
n+1 


[sin" xcosx dx = 
n+1 
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997. [arcsinx dx = хагсчпх + ү1- x? +C 


998. [arccosx dx -хагссовх-41-х7-С 


999. | arctan x dx =x arctan x — збе + 1)+ С 


1000. [arc cot x dx = x arccot x + zin + 1)+ С 


9.5 Integrals of Hyperbolic Functions 


1001. [sinh хах = cosh x + С 
1002. | cosh xdx = sinh x - С 
1003. [tanhx dx = Incoshx + C 
1004. | сойх dx =Insinhx +C 
1005. [sech^xdx -tanhx + C 
1006. [csch^xdx =—cothx + C 


1007. | sechx tanh xdx = —sechx + C 
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1008. | cschx coth xdx = —cschx + C 


9.6 Integrals of Exponential and Logarithmic 
Functions 


1009. [e'dx -e +C 
1010. [ах +c 
Ina 


1011. [e йх= о 
a 


ax 


1012. [xe" dx =<_(ax-1)+C 
a 
1013. Гах ах= хіах-х+С 


1014. jm = In|In x| +C 
xInx 


1015. је ах dx-x"" EE р + 
п+1 (n+1) 


1016. је“ sinbx dx = u e* +C 
а? +b’ 
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_ acosbx +bsinbx ,, 
а? +b’ 


1017. Ге" cosbx dx +C 


9.7 Reduction Formulas 


1018. [xe ax — as рее" 4х 


1019. [=—ах = 
1: 5 Gi по 


1020. | sinh” xdx = lanh"? xcoshx — ыж. | sinh”? xdx 
n 


n 
1021. (= - cosh x = = "m 
"m (n-1)sinh" x n-1* sinh"? x 


1022. | созћ" xdx = ШЭНЭ" cosh" x cosh x + a | cosh"? хах 
п п 


1023. [ Š ЕНЕ. | са, 


2 (п-1)со88" х  n-1* cosh"?x 


sinh" x cosh™ | x 


1024. | sinh” xcosh" xdx = 


n+m 


m-lr. Y 
+ | sinh” x cosh™ ” хах 
n+m 


sinh" x cosh"" x 


1025. [sinn" xcosh" xdx = 


n+m 
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n-l 


| sinh"? x cosh™ xdx 
n+m 


1026. | tanh” xdx = - tanh"! x + | tanh”? хах, азі. 
"E 


1027. f coth” xdx = __1 oth" x+ | собі"? хах, nz1. 


n-l 


sech"?xtanhx n-2 


n-1 n-1 


1028. [sech"xdx - [sech" “хах ,nzl. 


. Га ре. _ 
1029. [sin хах = —— sin"! xcosx + = Г яп" 2 xdx 
п 


п 
1030. | dx _ cos x Í dx P 
sn"x  (n-I)sin"'x n-l1*sin"?x 


1. "E 1 е 
1031. | сов" xdx = —sin x cos ly +R | сов 2 хіх 
п п 


1032. | dx sin x 2 4х 


cos" х (n-1)cos" x n-1 


. ntl m-l 
sin X COS x 


1033. [sin" x cos” хіх = 


n+m 


1034. [sin x cos" хіх = 
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п-1 


. n-2 
| sin” x cos" хах 
n+m 


1 
1035. [tan xdx = i pent x - tan”? хах, nzl. 
ñi- 


1036. | сок" хах-- 


cot"! x - | сок"? хах, п=1. 
п-1 


1037. вес" хах- 


1038. ЕЗ хах-- 


1039. ie In™ xdx = [= In" хах 
n+l n+l 
m m-1 
1040. |!" Х dx = ш ын m Е ах, азі. 
x" (n-1x"" п-17 х" 


1041. [m хах = хіп" x-n| In" хах 

1042. Ге sinh хах = х" cosh x -а| х" cosh хах 
1043. [x cosh xdx = x" sinhx—n[ x"! sinh xdx 
1044. Ге sin хах = —x" cos x + n[x"" cos xdx 


1045. Ге cos хах = x" sin x -a[x"* sin xdx 
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n+l n+l 
1046. |: sin | xdx = = in! | Е 
п 


a 211 ы 


x" 
1047. (x cos 'хйх=—— cos !x 4 : — | x 
+1 n+l 


Au 


п+1 п+1 


1 
1048. (= tan хах = = {ап x- ——— = 5 
n+1 n+l” 1+х 


1049. [= x"dx dx 
а аах" + 


— 2ах – 
1050. = 
r (ах? +bx + "M; (n- 1 b? - 4ac fax? + bx + с)" 


2(2n – Зја dx 
(n - 10? зада ha ‚ п=1. 
s - 2n -3 dx 
1051 = | 
По +a’) 2(n —1)a?(x? +a’) 2(n - 1)a Г, "2E 
nzl. 
dx x 
1052. = 
По -а y 2(n - 1a? (x? заг” 
= | = n#l 
п - Па? (а-а? : 
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9.8 Definite Integral 


b 


b 
Definite integral of a function: | f(x)dx, | g(x)dx , ... 


Riemann sum: > f (&.)Ax, 

i=1 
Small changes: Ах, 
Antiderivatives: F(x), G(x) 
Limits of integrations: a, b, c, d 


b n 
1053. f f(x)dx = lim У f(E Ах, А 
а шах Ду эб 1 


where Ах,-х,-х,), X, Së; Ex, 


y 


Figure 179. 
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b 
1054. [ах -b-a 
b b 
1055. | kf(x)dx =k є(х)ах 


b 


1056. нө пех нех 
1057. Две) вед ых false 
1058. [f(x)dx=0 

1059. ко хх 

1060. [f(x)dx = [f(x)dx + [f(x)dx for ace<b. 


b 
1061. [f(x)dx 20 if f(x)20 on [a,b]. 


b 
1062. | (хх «0 if f(x)«0 on [a,b]. 
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1063. Fundamental Theorem of Calculus 
b 
(де - F(x). = F(b)- Ка) if Е(х)= f(x). 


1064. Method of Substitution 
If x = (1), then 


|) јах = Ји (ас, 


iun: 


с=8 Ча), d-g (Ы). 
1065. Integration by Pars 
| udv = (uv) E, vdu 


1066. Trapezoidal Rule 


[кож = LE f(x, )-- is) 
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Figure 180. 


1067. Simpson's Rule 
b 
(дек = A=" [Цх„)+4&х,)+2Ңх,)+4Ң(х,)+ 
n 


+ 2£(x,)+...4+4f(x,_,)+£(x,)], 


where 


а.. 
1, 1=0,1,2,...,n. 


Х.-а- 


1 
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Figure 181. 


1068. Area Under a Curve 
b 
s= | f(x)dx = F(b)- Ва), 


vhs Е(х)- f(x). 
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y = f(x) 


Figure 182. 


1069. ака Between Two Curves 
S= јео (x)|dx = F(b)— G(b)- F(a)+ Gla), 


хаг ^ = f(x), G'(x)= g(x). 
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y = f(x) 


Figure 183. 


9.9 Improper Integral 


b 

1070. The definite integral | f(x)dx is called ап improper integral 
if 
• aor bis infinite, 


. f(x) has опе or more points of discontinuity 
in the interval [a,b]. 


1071. If f(x) isa continuous function on |а,со), then 


ЦЭГ = lim | f(x)dx : 
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y = f(x) 


Figure 184. 


1072. If f(x) is a continuous function on (- со, Ь], then 


| (x)dx = lim | f (x)dx š 


-о n 


y 
y = f(x) 
n 0 b 
Figure 185. 
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Note : The improper integrals in 1071, 1072 are convergent 
if the limits exist and are finite; otherwise the integrals are 
divergent. 


1073. | r(x)ax = | хэхэ | Қой 


y 


y = f(x) 


Figure 186. 


If for some real number c, both of the integrals in the right 


oo 


side are convergent, then the integral | f(x)dx is also 


convergent; otherwise it is divergent. 
1074. Comparison Theorems 


Let f(x) апа g(x) be continuous functions on the closed 
interval (аз). Suppose that 0<g(x)<f(x) for all x in 


Іьоо). 
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. If | f(x)dx is convergent, then | g(x)dx is also 


convergent, 


. If | g(x)dx is divergent, then | f(x)dx is also divergent. 
1075. Absolute Convergence 


If | f (x)dx is convergent, then the integral | f(x)dx is abso- 
lutely convergent. 


1076. Discontinuous Integrand 
Let f(x) bea function which is continuous on the interval 


[a,b) but is discontinuous at x = b. Then 


| (x)dx = lim ведах 


y 
уз / 
ГЭМ" 
а 0 b-e 
Figure 187. 
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1077. Let f(x) be a continuous function for all real numbers x in 
theinterval [a,b] except for some point c in (a,b). Then 


b с-є b 
le = lim |Ә + lim (де қ 


с+ӧ 


y 


Figure 188. 


9.10 Double Integral 


Functions of two variables: f(x,y), f(u,v), ... 
Double integrals: | | f(x,y )dxdy , | | g(x,y dxdy , ... 
R R 


Riemann sum: У Y а, Ахду; 
i=1 j=l 


Small changes: Дх,, Ay, 


Regions of integration: К, S 
Polar coordinates: r, 0 
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Area: A 

Surface area: S 

Volume ofa solid: V 

Mass of a lamina: m 
Density: p(x,y) 

First moments: M, , M, 
Moments of inertia: I, , L, I 


Charge of a plate: Q 
Charge density: o(x, y) 


0 


Coordinates of center of mass: x, y 
Average of a function: ц 


Definition of Double Integral 
The double integral over a rectangle (а, b]« [c, d] is defined 
to be 


[|у = 


[а, bk{[c, q] 


m n 
тайт, > 2 f(u; d Vj Ах, Ay; М 
тах Ay; 0 i=l j=l 


where (u,,v ) is some point in the rectangle 


(Хоох хуга) and Ax, =X; - X; |, Ду, - y; Ура: 


y 
Їх, X] x ly Y] 
d 
У; 
Уд (u,v) 
с 
0 
а x, X b a 
Figure 189. 
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The double integral over a general region R is 


| Қоума- [| (уда, 
[as b dle, а] 
where rectangle |а, b]x с, d] contains В, 
8(х,у)- њу) if f(x,y) isin R and g(x,y)=0 otherwise. 


y 


Figure 190. 


1079. Ебу) +9(x,y)|dA = [Jf yaa + Гу ЧА 


1080. ІШ ху)- па = |ҢоудА- ШЫ 


1081. [[kf(x. y)aA - k[[f(x,y)dA 


where k is a constant. 


1082. If f(x, y) x g(x,y) on В, then [Jf yaa < [еб у)ад : 
R R 
1083. If f(x,y)>0 on Rand SCR, then 
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| сумА х П'Є ху ЧА š 
S R 
y 
0 x 
Figure 191. 


1084. If f(x,y)>0 on R and R and $ аге non-overlapping 
regions, then П'Є сх УА = По УА + [[f&y)aa Я 
R 5 


RUS 
Here RUS is the union of the regions R and S. 


y 


Figure 192. 
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1085. Iterated Integrals and Fubini’s Theorem 


[| њујда = ШТІ 


a p(x) 
for a region of type I, 
R=((xy)lasx<b,p(x)<y<a(x}. 


y 
y = q(x) 


y = р(х) 


Figure 193. 


q v(y) 
ПҒЕоума-| [£(x,y)dxdy 
R с u(y) 
for a region of type II, 
В = ху) цу) є х є (у) ск у с 4). 
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y 
d 
x = u(y) 
x = v(y) 
Ë 
0 X 


Figure 194. 
1086. Double Integrals over Rectangular Regions 


If R is the rectangular region (а,5|х|с,4|, then 


| [f(x,y )dxdy = ІШ? = ШУ | 


с а 


In the special case where the integrand f(x,y) сап Бе writ- 
ten as g(x)h(y) we have 


[rx = [foni наў“ [feos 2 


1087. Change of Variables 


Цвьуйхау- [rb hyo] ачах, 
R S шу) 
Ж. 
where ae = 2 ду | 5018 the jacobian of the trans- 
uv oy 


ди бу 
formations (x,y)— (u,v), and S is the pullback of R which 
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сап be computed by x = x(u,v), y=y(u,v) into the defini- 
tion of R. 


1088. Polar Coordinates 
х = гсо50, у-гвіп0. 


Figure 195. 
1089. Double Integrals іп Polar Coordinates 
The Differential dxdy for Polar Coordinates is 


д(г,0) 


Let Фе region R is determined аз follows: 
0 « з8(0)« т x h(0), a X0xp, where В-а< 2”. 
Then 


| ујахау = Í 


ага = rdrd0 . 


n(0) 
f(rcos0,rsin0)rdrd0. 
) 


g(0 
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y 
8-8 
9(9) 
» 0-0. 
"(6 
Жай 
0 й 
Figure 196. 


If the region R is Фе polar rectangle given by 
О<а<г<Ь, a<0<f, where В- а <2л, 
then 


По y)dxdy = {fet cos 0,rsin 0)rdrd0. 
R аа 


Figure 197. 
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1090. Area of a Region 
b f(x) 
A =Í | dydx (бога type І region). 


a g(x) 


y =h(x) 


y = g(x) 


Figure 198. 


xdy (for a type II region). 


— ф02- 


x = q(y) 


Figure 199. 
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1091. Volume ofa Solid 


V = | ху ЧА 


Еідиге 200. 


If R is a type I region bounded by x =a, x=b, y=h(x), 
у =g(x), then 


v - осуд 


If R is a type П region bounded by y =с, y=d, х= q(y), 
x = p(y), then 


a(x) 
f(x, y)dydx . 
) 


h(x 


М = | Қоума- | йб. 


ср(у) 
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If f(x,y)2g(x,y) over a region R, then the volume of 
the solid between z,=f(x,y) and z,-g(x,y) over R is 
given by 


V = ЦЕ у) - в(х,у)ВА. 


1092. Area and Volume in Polar Coordinates 
If S is a region in the xy-plane bounded by 9-0, 9-0, 


r - h(0), г-8(0), 
then 


В (Ө) 
А-1|4А-| 4:46, 
5 a h(0) 


V = | Є )сатдв.. 


y 
6=B 
g(9) 
> 0-0 
о 4 
Figure 201. 


1093. Surface Area 
az) (д> : 
5- МЕЗ | dxdy 
| | ax) “(аў 
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1094. Mass of a Lamina 


1095. 


1096. 


m=[[|o(xy)dA 


where the lamina occupies a region R and its density at 
a point (x;y) і5 р(х,у). 


Мотепі5 
The moment of the lamina about the x-axis is given by for- 
mula 


M, = [[ур(х,уђаА. 


The moment of the lamina about the y-axis is 
M, = [хобьу)ал. 
R 


The moment of inertia about the x-axis is 
І, = ffy рњујдА. 
Е 


The moment of inertia about the y-axis is 
I, = ||х°р(х,у)ЧА. 
К 


The polar moment of inertia is 


1 = ff +у*р(х,у)ЧА. 


Center of Mass 
M, хобу) y)dA 
zm = [ХР УуА [бу , 
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[Pot x 52 )dA 
= ДУРУ ма [ук 


B | 


1097. Charge of a Plate 
Q= | | o(x, у ЧА 
R 


where electrical charge is distributed over a region R and its 
charge density at a point (x,y) is o(x,y). 


1098. Average of a Function 


к= сбу МА 


where S=[[da. 
R 


9.11 Triple Integral 


Functions of three variables: f(x,y,z), (x,y,z), ... 
Triple integrals: | f(x,y,z)dV, | g(x, y,z)dV , ... 
G G 


Riemann sum: S Y У fu v x Ay Az, 


іі j=l К-1 
Small changes: Ax,, Ду), Az, 
Limits of integration: а, Б, с, d, г, 5 
Regions of integration: б, Т, S 
Cylindrical coordinates: r, 0,7. 
Spherical coordinates: г, 0, Ф 
Volume of a solid: У 
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Mass of a solid: m 
Density: u(x,y,z) 
Coordinates of center of mass: x, У, 2 
First moments: M,, M, ,M, 
I 


Moments of inertia: Гу» І 1,1,1,1 


yz) "хе? Cx у z 0 


Definition of Triple Integral 
The triple integral over a parallelepiped |а, Ъ]х [с, d]x|r, s] 
is defined to be 


з МУ. lim. Ў аум, y а), 


la, bkk[c, «КІ шах Луј 00 ізі j=1 Ісі 
max Az, —0 


where шит is some point in the parallelepiped 
(ха) (уух (2152; ). and Ax, =X; —X; |, 
Ay; =у; -У;1› AZ, =Z, —Z, 1. 


| (х, yz) + g(x, у, 2)8У = | f(x, у,2)4У + | g(x,y,z)dV 


| Їх,уу2)-805у)8У-1|| Кулу – ||| g(x,y,z)dV 


| kf(x,y,z)dV = || f(x,y,z)dV 5 
G G 
where К і5 а constant. 


If f(x,y,z)2 0 and С and T аге nonoverlapping basic 
regions, then 


[It yav = fff (њугја + fff Еб у»г У 


Here GUT is Фе union of the regions G and Т. 
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1104. Evaluation of Triple Integrals by Repeated Integrals 
If the solid G is the set of points (x,y,z) such that 


(њујећ, x, Gy) 2 «x, y), then 


ДІҢ x,y,z dxdydz = ІШ 22 


R | хабоу) 


where В is projection of С onto the xy-plane. 


If the solid G is the set of points (x,y,z) such that 
а<х<Ь, ф(х)< у < p(x) xi(x,y)<z < x,(x,y), then 


1 [[ f у, 2)ахауаг = | ІП ИС yz 2: h. 


а | ф(х)\ (х,у) 


1105. Triple Integrals over Parallelepiped 
If G is a parallelepiped (а, b]x|c, d]x [r, s], then 


ДІҢ x,y,z)dxdydz = || [j 22323 


а 


In the special case where the integrand f(x,y,z) can be 
written as g(x)h(y)k(z) we have 


| | | t(y,z)dxdydz = | 22) у | еж | 


1106. Change of Variables 
| f(x,y,z)dxdydz = 
G 


dxdydz, 


Шыны t 
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DNE E 
Ou ду Ом 

where ду) Во 97 „0 із the jacobian of 
(u,v,w)| [да бу dw 
аа а 
Ou ду Ом 


the transformations (х,у,2)-» (u,v,w), and S is the pull- 
back of G which can be computed by x=x(u,v,w), 


y=y(u,v,w) 
z — z(u, v, w) into the definition of G. 


1107. Triple Integrals in Cylindrical Coordinates 
The differential dxdydz for cylindrical coordinates is 


A(x, y,z) 


A(r, 0,2) 


Let the solid G is determined as follows: 
(х,у)єВ, x Gy) ах (хуу), 
where R is projection of G onto the xy-plane. Then 


| f(x, y,z)dxdydz = | | | f (т cos 0,rsin 0,z)rdrd0dz 
G S 


dxdydz = drdOdz = rdrd0dz. 


Хә (гсов0,г8ш0) 
= | | £(rcos0,rsin 0,z)dz rdrd0. 
R(r,0)| у (rcos0,rsin0) 


Here 5 is the pullback of G in cylindrical coordinates. 


1108. Triple Integrals in Spherical Coordinates 
The Differential dxdydz for Spherical Coordinates is 


dxdydz = Обь у) drd0do = г? sin 0drd0do 
0(2,0,ф) 
| f(x, y,z)dxdydz = 
G 
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= | f(r sinOcos q, rsin Өсіп Ф,гсов 0) г? sinOdrdOdo, 
S 


where the solid S is the pullback of G in spherical coordi- 
nates. The angle 0 ranges from Oto 27, the angle Ф 
ranges from 0 to л. 


Figure 202. 


1109. Volume of a Solid 
V = [|| dxdydz 
G 


1110. Volume in Cylindrical Coordinates 
V= | rdrd0dz 


S(r,0,z) 
1111. Volume in Spherical Coordinates 
V= | | | r2sin0drd0do 


8(2,0,ф) 
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Mass of a Solid 


m = ||| Шх,у,2/4У А 


where the solid оссиріеѕ а region С and its density at 
a point (x,y,z) is u(x,y,z). 


Center of Mass of a Solid 
M M M 
x=“, уз---,7- m 
m m m 
where 


M,, = ||| xu(x,y,z) dV, 
M, = ||| yuGoy,z) av , 


M,, = |! zu(x,y,z)dV 


are the first moments about the coordinate planes x = 0, 
y=0, z=0, respectively, (x,y,z) is the density function. 


Moments of Inertia about the ху-ріапе (ог z = 0), yz-plane 
(x 20), and xz-plane ( y 20) 


L; = ||| z’u(x,y,z)dV, 
L, = ||| x/u(x,y,z) dV, 


L, = [ff y uGoy,z)av . 


Moments of Inertia about the x-axis, y-axis, and z-axis 


L -L, +1, = fff e + у Моє) У, 
G 


1, 2L, «1, = [ff @ +x? бу»), 
G 
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I, =L, +1, = ||| (у +x (x y,z)dV . 
G 


1116. Polar Moment of Inertia 
І, ЗІ, +1, +1, = | (x? зу! +2? (хуул) ау 
с 


9.12 Line Integral 


Scalar functions: F(x,y,z), F(x,y), f(x) 
Scalar potential: u(x,y,z) 

Curves: С, С,, С, 

Limits of integrations: a, b, a, В 
Parameters: t, s 

Polar coordinates: г, 0 

Vector field: Е(Р,О,Е) 

Position vector: r(s) 

Unit vectors: i, j, k, € 

Area of region: S 

Length of a curve: L 

Mass of a wire: m 

Density: p(x,y,z), р(х,у) 

Coordinates of center of таѕѕ: x, У, 2 
yz? М», 
Moments of inertia: 1,, 1,, I 


Volume of a solid: V 
Work: W 

Magnetic field: B 
Current: I 
Electromotive force: 8 
Magnetic flux: y 


First moments: M,, ,M 


2 
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1117. Line Integral of a Scalar Function 
Let a curve C be given by the vector function г = r(s), 
0 «525, апаа scalar function Е is defined over the curve C. 
Then 


со) - [F(x,y,z)ds = [ras қ 


where ds is (һе arc length differential. 


1118. [Fds- [Fas- [rds 


соб, ©; С; 


Figure 203. 


1119. If the smooth curve С is parametrized by т = r(t), 
a<t<f, then 


J F(x.y.z)ds = [выда (x (9) +(у'(0))? +(@ (а. 


1120. If C is a smooth curve in the xy-plane given by the equation 
у = х), a<x<b, then 


[FG yds нх Од (х) x. 


1121. Line Integral of Scalar Function in РоІаг Coordinates 
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В 2 
ГЕсоу)% = [F(rcos 0,rsin0) [r^ + | У де, 
A а 40 
where the curve С is defined by the polar function r(0). 


1122. Line Integral of Vector Field 


Let a curve C be defined by the vector function r = r(s), 
0 «825. Then 

= = 7 = (сова, cos В, cos y) 

ds 


is the unit vector of the tangent line to this curve. 


2 
r(s=0) 
2 Е 
V 
r(s-S) 
0 y 
x 
Figure 204. 


Let a vector field F (P,Q,R) is defined over the curve C. 
Then the line integral of the vector field F along the curve 
Cis 

5 


[Рах + Оду +Rdz = | (P cosa + ОсовВ + Rcosy)ds. 
С 


0 
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1125. 
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Properties of Line Integrals of Vector Fields 

[(E-az)- -[(E-az), 

бак -C dor the curve with the opposite orientation. 
Ге-аг)- [Е ағ) [(Е-ат)+ ПЕ-ағ), 

С сс, С, с, 


where С is the union of the curves С, апа С,. 


If the curve C is parameterized by r(t)= (x(t) y(t),z(t)) А 
a<t<f, then 
eds + Qdy + Rdz = 


=| піна ens vao) |a 


If C lies in the xy-plane and given by the equation у = f(x), 
then 


[Pax нову» | ыб) абыл) их 


Green’s Theorem 
{f[ - E ау - frac aay, 
R ду c 


where E= P(x, y)i + Q(x, y)j is a continuous vector func- 
20. 


: : : : ; . . ОР 
tion with continuous first partial derivatives —, pu ina 


some domain R, which is bounded by a closed, piecewise 
smooth curve C. 
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Area of a Region R Bounded by the Curve C 

1 
5- JJ яму => фуйу –уйх 
Path Independence of Line Integrals 
The line integral of a vector function E- Pi - Qj + ВК is 
said to be path independent, if and only if P, Q, and R are 
continuous in a domain D, and if there exists some scalar 
function u = u(x,y,z) (a scalar potential) in D such that 


Е = grad u, or да р, oto, Mg 
Ox oy OZ 
Then 


(Ее)-4ғ- [рах + Оду + Rdz = u(B)- u(A). 


Test for a Conservative Field 

A vector field of the form F = grad u is called a conservative 
field. The line integral of a vector function F =Pi+Qj + КК 
is path independent if and only if 


i ) К 
зро mE Eg: 

Ox Oy 02 

Р О R 


If the line integral is taken in xy-plane so that 
[рах + Оду =u(B)—u(A), 
С 


then the test бог determining if a vector field is conservative 
can be written in the form 


ОР 20 


ду Өк” 
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Length of a Curve 
Мат В 2 2 2 
L- [а = [|а | 25) (E (s dt, 
н „idt үч dt dt 


where C ia a piecewise smooth curve described by the posi- 
tion vector T(t), a «tx. 


If the curve C is two-dimensional, then 
p В 2 2 
ШСЫСЫ 
үа dt 


dr 
E Дани a (04 
If the curve C is the graph of a function y = f(x) in the xy- 
plane (a «хх Ь), then 


b 420 
L= | 1+ ЕУ dx. 
4 dx 
Length of a Curve in Polar Coordinates 
В 2 
L= | ЕУ +r’ 40, 
ANS 


where the curve С is given by the equation r = r(0), 
a € 0x p in polar coordinates. 


Mass of a Wire 
m = р(ху,2/45, 
С 


where p(x, у, 2) is the mass per unit length of the wire. 
If C is a curve parametrized by the vector function 


r(t) = (x(t), y(t), z(t), then the mass can be computed by 
the formula 
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T ШІ ЕЗ Чи (2) 4 


If C is a curve in xy-plane, then the mass of the wire is given 


m= Í p(x(t), 2) ЕЗ + Ей dt (іп parametric form). 


dt dt 


Center of Mass of a Wire 


M,, = [ хр(х, y,z)ds ; 
С 


M,, = [ур(х,у,2)4, 
С 


M, = = [206 y,z)ds 
C 


Moments of Inertia 
The moments of inertia about the x-axis, y-axis, and z-axis 
are given by the formulas 


I, = ке 


рэа +z’ (x,y,z 2)45, 


С 
І, = (ж зу ! (х,у,л) 48. 
С 
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1135. Area of a Region Bounded by a Closed Curve 
S= |хду = -fydx = 1 —ydx. 
С С 2 С 


y 


Figure 205. 


If the closed curve C is given in parametric form 
r(t)= (x(t), y(t)) , then the area can be calculated by the for- 


= |) а= di- (09-9 a 


а а 


1136. Volume of a Solid Formed by Rotating a Closed Curve 
about the x-axis 


у- -пфу'ах = —2npxydy = –— худу +у?ах 
С С 2 С 
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Figure 206. 


1137. Work 


Work done by a force Ë on an object moving along a curve 
C is given by the line integral 


W=|F-dr, 
С 


where F is the vector force field acting on the object, dr is 
the unit tangent vector. 


Figure 207. 
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If the object is moved along a curve C in the xy-plane, then 
= |Ë- dT = [Pax +Qay, 
C C 


If a path C is specified by a parameter t (t often means 
time), the formula for calculating work becomes 


w- [бф кода кб |a, 


where t goes from a to В. 


If a vector field F is conservative and u(x,y,z) is a scalar 


potential of the field, then the work on an object moving 
from A to B can be found by the formula 
МУ -u(B)- u(A). 


1138. Ampere's Law 
|В-48-14. 
С 


The line integral of a magnetic field B around а closed path 
C is equal to the total current I flowing through the area 
bounded by the path. 


Figure 208. 
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1139. Faraday’s Law 
e=pE-di= ES 
5 dt 


The electromotive force (emf) £ induced around a closed 
loop C is equal to the rate of the change of magnetic flux у 


passing through the loop. 
Change in ЧУ 
с 
/ : 2 | 
/7 2. 
Figure 209. 


9.13 Surface Integral 


Scalar functions: f(x,y,z), z(x,y) 
Position vectors: r(u,v), Ғ(х,у,2) 
Unit vectors: i, j, k 
Surface: S 

Vector field: F (P,Q,R) 


Divergence of a vector field: div E= V -F 
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Curl of a vector field: curl F = V x Ë 


Vector element of a surface: dS 
Normal to surface: n 

Surface area: A 

Mass of a surface: m 

Density: (x,y,z) 

Coordinates of center of mass: x, У, 2 
M,, 

I 


First moments: My Я M,, ; 


Moments of inertia: I, I 
Volume of a solid: V 
Force: F 

Gravitational constant: G 
Fluid velocity: v(r) 

Fluid density: p 


IL- I,II 


yz? “ха? "x? “у? 72 


Pressure: p(T) 

Mass flux, electric flux: ® 
Surface charge: Q 

Charge density: с(х, у) 


Magnitude of the electric field: E 


1140. Surface Integral of a Scalar Function 
Let a surface S be given by the position vector 
r(u,v) = x(u,v)i + y(u,v)j +z(u,v)k, 
where (u,v) ranges over some domain D(u,v) of the uv- 
plane. 
The surface integral of a scalar function f(x,y,z) over 
the surface S is defined as 
[[#(x,y,z)as = [| f(x(u,v)y(u,v)z(u,v)) а dudv , 
: u ду 


ре x — 
D(u,v д 


: . дї Or . 
where the partial derivatives — and — are given by 
u 
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2 = Кб + —(u,v)j T —(u,v)k > 
да ди 
- == (wv)i + vi ыу Ж 


and 9E x 23 18 the cross product. 
Ou Ov 


1141. If the surface S is given by the equation z =z(x,y) where 
z(x,y) is a differentiable function in the domain D(x,y), 
then 


Пыха) )ds = ЫН x,y,z(x, ТЕБЕ |2) ахау. 


1142. Surface Integral of the Vector Field Ë over the Surface S 
. IfSisoriented outward, then 


| суул): 45- Шы 


gs v)z(uv))- EE 


. IfSisoriented inward, then 
| суул): 45- узо) ав 
5 


гс v)z(u,v))- АТ 


45 =iidS is called the vector element of the surface. Dot 
means the scalar product of the appropriate vectors. 


The partial derivatives 24 and Z аге given by 
ди Ov 
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А ыла a) А 
Ou Ou 


да Ou 
PEL (us) Te P (uv) (uv) f 


1143. If the surface S is given by the equation z = z(x, y), where 
z(x,y) is a differentiable function in the domain D(x,y), 


then 
e If S is oriented upward, i.e. the k-th component of the 
normal vector is positive, then 


| суул): 45- Шоу») ваз 


gi (x,y,z E 1-ге ]+Е һау, 


D(x,y) 


« IfSisoriented downward, i.e. the k-th component of the 
normal vector is negative, then 


ПЕоуь2)-45 = | [Fosys2)-nas 
=) А х,у,2 ШЕ +2) «нау 


1144. (f(F-a as = f[Páydz + Qdzdx + ахау 
5 5 
= |f (P cosa +QcosB +R cos y)dS ; 


$ 
where Р(х, у,2), Q(x,y,z), R(x, y,z) are the components of 


the vector field F. 
cosa, cos, cosy аге Һе angles between the outer unit 


normal vector n and the x-axis, y-axis, and z-axis, respect- 
ively. 
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1145. If the surface S is given in parametric form by the vector 
r(x(u,v)y(u,v),z(u,v)), then the latter formula can be 


written as 

P Q R 
[[(E-)as- [Грауаг + Qdzdx+Raxdy = || |© © алау, 
: : pvu да да 

жо 

ду ду ду 
where (u,v) ranges over some domain D(u,v) of the uv- 


plane. 


1146. Divergence Theorem 
ffF-as= ЩІУ-Вру, 
m | 


B(x,y,z)=(P(x,y,z), Q(x,y,z), R(x,y,z) 


is a vector field whose components P, Q, and R have 
continuous partial derivatives, 


is the divergence of F, also denoted divF. The symbol 
B indicates that the surface integral is taken over a closed 


surface. 


1147. Divergence Theorem in Coordinate Form 
ОР 00 i: oR 


ffPayaz + Qasa пачу 1200 


dxdydz. 
Ox Oy 02 


1148. Stoke’s Theorem 


fF ае [ДУ хае, 
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where 


улл) = (кул), Осу) Ry.) 
із а vector беја whose components Р, О, апа К have 
continuous partial derivatives, 


i j k 

OD 0 ó ој [ёк 20 i+(2 ЭД ОО oP Е 
Ox Ox Ox (ду ёг бб Ox Ox Oy 
P Q R 


is the curl of F, also denoted curl F. 
The symbol ў indicates that the line integral is taken over 


a closed curve. 


1149. Stoke’s Theorem in Coordinate Form 
фрах + Оду + Rdz 
С 


"оо £y .2- с 48- (на, 
Z 


5 


1150. Surface Area 


заг 


1151. If the surface S is parameterized Бу the vector 


r(u,v)= x(u,v)i + y(u,v)j + z(u,v К 5 
then the surface area is 


D(u, v) ди 


where D(u,v) is the domain where the surface r(u,v) is 
defined. 
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If S is given explicitly by the function z(x,y), then the sur- 
face area is 


JH 
A= 1 dxdy , 
1 Ча у ду d 


where Р(х,у) is the projection of the surface S onto the xy- 


plane. 


Mass of a Surface 
m- [Ju y,z)ds, 
5 


where u(x,y,z) is the mass per unit area (density func- 


tion). 

Center of Mass of a Shell 
M,, M M 
x= Y » у =—, z = = » 

m m m 
where 


M,, = | [xu(x,y,z)ds ў 
5 

М, = [[унбъу,2)а$ , 
5 


Ми = [[ецх,у»г)45 
5 


аге the first moments about the coordinate planes x=0, 
y=0, z=0, respectively. u(x,y,z) is the density function. 


Moments of Inertia about the xy-plane (ог z 20), yz-plane 
(x 20), and xz-plane (у =0) 


L, = [Гец у,2)45 ; 
5 


L,- [реи(њу,2)45 Я 
5 
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L, = [[v'u(x,y,z)as. 
S 


1156. Moments of VM about the x-axis, y-axis, and z-axis 
„= Дуна”) u(x, y,z)dS , 


I, - ха” Мк, y,z)ds, 


мэиг (x, y,z)dS. 


1157. Volume of a Solid Bounded by a Closed Surface 


1 
Үз- dydz + ydxdz + zdxd 
BUE y ydx y 


S 


1158. Gravitational Force 
Е- Gm [ux y,z) 548 Š 
5 г 
where m is а mass at a point 505277) outside the surface, 


r= (x "Хо У Voz -z) » 
u(x,y,z) is the density function, 
and G is gravitational constant. 


1159. Pressure Force 
F= ||Ь(ғ/45, 
5 
where the pressure р(ғ) acts оп (һе surface S given Бу 
the position vector r. 


1160. Fluid Flux (across the surface S) 


Ф-ўў(г).45 
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where ¥(f) is the fluid velocity. 


1161. Mass Flux (across the surface S) 


Ф = Bios). 45, 
5 
where F = рӯ is the vector field, p is the fluid density. 


1162. Surface Charge 
Q= [с(х,у)а5, 
5 


where o(x,y) is the surface charge density. 


1163. Gauss’ Law 

The electric flux through any closed surface is proportional 

to the charge Q enclosed by the surface 

Ф-(|Е-48- ын 
5 Eo 
where 


Ф is the electric flux, 
E is the magnitude of the electric field strength, 


£, =8,85x10 " - із permittivity of free space. 
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Differential Equations 


Functions of one variable: у, p, q, u, g, h, б, Н, r, z 
Arguments (independent variables): x, y 
Functions of two variables: f(x,y), M(x,y), N(x,y) 
First order derivative: у”, u', y, c. is 

"e „а 41 
Second order derivatives: y", y, qe” 


: i uu ^u 
Partial derivatives: ac ao 


Natural number: n 

Particular solutions: y,, y, 

Real numbers: К, t, С, С, Cj, p,q, a, В 
Roots of the characteristic equations: À,, Л, 
Time:t 

Temperature: T, S 

Population function: P(t) 

Mass of an object: m 

Stiffness of a spring: k 

Displacement of the mass from equilibrium: y 
Amplitude of the displacement: A 
Frequency: o 

Damping coefficient: y 

Phase angle of the displacement: б 

Angular displacement: 0 

Pendulum length: L 
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Acceleration of gravity: g 
Current: I 

Resistance: R 
Inductance: L 
Capacitance: C 


10.1 First Order Ordinary Differential 
Equations 


1164. Linear Equations 


Уу + p(x)y = q(x). 


The P solution is 
NES C u(x )q(x dx +С 


рент | 
where 


= expl] p(x)dx). 
1165. Separable Equations 


> = f(x,y)=g(x)h(y) 


The general solution is given by 
dy 
= |g(x)dx «Є, 
| һу) | 


or 
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Homogeneous Equations 
d 
The differential equation а. = у) із homogeneous, if 
x 


the function f(x,y) is homogeneous, that is 
f(tx,ty)=f(x,y). 


The substitution 2 = M (then y =zx ) leads to the separable 
x 
equation 


x 12402) 
x 


Bernoulli Equation 
dy 


гані p(x)y = а(х)у". 


The substitution z = у " leads to the linear equation 


Z +(1-n)p(x)z = (Ini). 


Riccati Equation 
dy 


ак СР” q(x)y +r(x)y 


2 


If a particular solution y, is known, then the general solu- 

tion can be obtained with the help of substitution 

Z= 21- ‚ which leads to the first order linear equation 
У-У, 

Z = fax) гума ніх) 

dx i | 
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Exact and Nonexact Equations 
The equation 

M(x, y dx +N(x,y dy =0 

is called exact if 

OM óN 

ду бх” 


апа попехасі otherwise. 


The general solution is 
[M(x ух + [NG у бу -С. 


Radioactive Decay 
dy 
3 


where y(t) is the amount of radioactive element at time t, k 
is the rate of decay. 


The solution is 
y(t)=y,e *, where y, = У(0) is the initial amount. 


Newton's Law of Cooling 
dT 

о, 

a^ T-S) 


where T(t) is the temperature of an object at time t, S is the 


temperature of the surrounding environment, k is a posi- 
tive constant. 


The solution is 

T(t)=S+(T,-S)e™, 

where T, - T(0) is the initial temperature of the object at 
time t-0. 
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1172. Population Dynamics (Logistic Model) 


te 1-5), 
dt M 


where P(t) is population at time t, К is a positive constant, 
M is a limiting size for the population. 


The solution of the differential equation is 


( )= EM EY , where P, = P(0) is the initial popu- 


lation at time t=0. 


10.2 Second Order Ordinary Differential 
Equations 


1173. Homogeneous Linear Equations with Constant Coefficients 
у +ру *qy-0. 
The characteristic equation is 
V+prA+q=0. 
If A, and A, are distinct real roots of the characteristic 
equation, then the general solution is 
y Се” + Се =“, where 
C, and C, are integration constants. 


If ЕУ РА = ES , then the general solution is 
-Py 
y=(C +C x} 2. 


If À, and À, are complex numbers: 
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À =a+Pi, A, =a—fi, where 


э 


р 44-р 
а, = , = 

2 P 2 
then the general solution is 


у зе” (C, cosBx + С, sinBx). 


Inhomogeneous Linear Equations with Constant 
Coefficients 


у" фру' *qy = f(x). 


The general solution is given Бу 

у=у, + у, › where 

у, is a particular solution of the inhomogeneous equation 
and y,, is the general solution of the associated homogene- 
ous equation (see the previous topic 1173). 


If the right side has the form 

f(x)=e(P,(x)cosBx + P,(x)sinBx), 

then the particular solution y, is given by 

уже“ (R (х)созВх + R,(x)sinBx), 

where the polynomials R (x) and К. (х) have to be found 


by using the method of undetermined coefficients. 

• If о + Ві is not a root of the characteristic equation, then 
the power k=0, 

e If о + i isa simple root, then К- 1, 

e If api isa double root, then k=2. 


Differential Equations with y Missing 
у”-Қоу). 

Set u=y'. Then the new equation satisfied Бу у is 
u'=f(x,u), 


which is a first order differential equation. 
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1176. Differential Equations with x Missing 
y -f(y.y). 
Set u=y'. Since 
„фи бабу (du 
dx dydx dy 


we have 
а =f(y,u) 
dy у, , 


which is а first order differential equation. 


1177. Free Undamped Vibrations 
The motion of a Mass on a Spring is described by the equa- 
tion 
my+ky=0, 
where 
m is the mass of the object, 
kis the stiffness of the spring, 
y is displacement of the mass from equilibrium. 


The general solution is 

у = Acos(o.t — 8), 

where 

A is the amplitude of the displacement, 


2 
0, is the fundamental frequency, the period is T = шил 


Фо 
Ó із phase angle ої the displacement. 
This is an example of simple harmonic motion. 


1178. Free Damped Vibrations 
my + yy + ky =0, where 
y is the damping coefficient. 
There are 3 cases for the general solution: 
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Case 1. у" > Акт (overdamped) 
y(t)= Ае" + Ве^", 
where 


euim Y! Акт А озучуу – Акт 
= ‚ А = . 


2m 2m 


Case 2. у” = 4km (critically damped) 
y(t)- (А+Веје“, 
where 


Case 3. у” <4km (underdamped) 


ata 
y(t)=e ™ Acos(wt—5), where 
о= Акт –ү?. 


1179. Simple Pendulum 
d’0 ,8 


dt? т 
where Ө is the angular displacement, L is the pendulum 
length, g is the acceleration of gravity. 


20-20, 


The general solution for small angles 0 is 


O(t)— Ө, sin E , the period is Т = ane А 
5 


1180. RLC Circuit 


шив ца V'(t)=@E, cos(ot), 
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where І is the current in an RLC circuit with an ac voltage 
source V(t)=E, sin(ot). 


The general solution is 
(е) = Се" + Се" + Asin(ot— o), 


where 
_R+ IR? e 41. 
Е. = _ С 
a 21. і 
A= ФЕ, 


2 > 
(1 = 2) -HR?o? 


2 1 J 
ọ=arctan — — —— |, 
R RCo 


C,, С, are constants depending on initial conditions. 


10.3. Some Partial Differential Equations 


1181. 


1182. 


The Laplace Equation 
Ou да 
дх Oy 


applies to potential energy function u(x,y) for a conser- 


vative force field in the xy-plane. Partial differential equa- 
tions of this type are called elliptic. 


The Heat Equation 
д'а да ди 

+ =— 
ôx? бу” ді 
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applies to the temperature distribution u(x,y) in the xy- 


plane when heat is allowed to flow from warm areas to cool 
ones. The equations of this type are called parabolic. 


The Wave Equation 
Ou Ou Ou 

+ = 
Ox? ду? де 


applies бо the displacement u(x,y) of vibrating membranes 
and other wave functions. The equations of this type are 
called hyperbolic. 


303 


http:/ / fribok.blogspot.com/ 


Chapter 11 
Series 


11.1 Arithmetic Series 


Initialterm: a, 

Nth term: а, 

Difference between successive terms: d 
Number of terms in the series: n 

Sum of the first n terms: 5, 


1184. a, =a, |ғ4-а ,-24-...-а,-(һ-1)4 


n 


1185. a, + а, = a, + a, -..- а; + а; 
1186. а - ан 
2 
-1 
1187. 8, DA а-а, 
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11.2 Geometric Series 


Initialterm: a, 

Nth term: а, 

Common ratio: q 

Number of terms іп the series: n 
Sum of the first n terms: 5, 
Sum to infinity: S 


1 


1188. a, =qa,_, аа" 


1189. a,-a, =a, га, =...=а, ari 


1190. а, = а, (гаг, 


1191. s, = qa ai" -1 


q-1 q-1 
1192. S - limS, = 
now 1-4 
For q <1, the sum S converges as n — œ. 


11.3 Some Finite Series 


Number of terms in the series: n 
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n(n + 1) 
2 


1193. 1+2+3+...+n= 


1194. 2+4+6+...+2n=n(n+1) 
1195. 1+3+5+...+(2n-1)=n? 


2k+n-1) 
2 


1196. k+(k+1)+(k+2)+...+ (k +n )- "4 
1197. 242434. 4n? Pn 1) 


2 
1198. 1° +23 «5 +...+ n [xen 


1199. 1: +3? +52+...+(2n —1) = 


1200. 1° +3 +5° +...+(2n-1) =п (п? -1) 


1201. а du шд 
2 4 8 


1202. 


1 1 1 
1203.1--------..- +...=е 
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11.4 Infinite Series 


Sequence: ја „| 
First term: а, 
Nth term: a, 


1204. Infinite Series 


Уа, =a, +а, +... +a, +... 


п=1 


1205. Nth Partial Sum 


n 
S, = У а =a, +a, +...+а, 


п=1 


1206. Convergence of Infinite Series 


Уа, =L, if limS, =L 
== пЭ 


1207. Nth Term Test 
. Ifthe series Уа, is convergent, then lima, «0. 


п=1 


• If lima, 40, then the series is divergent. 


п—>оо 


11.5 Properties of Convergent Series 


Convergent Series: >a, =A, УБ, =В 
п=1 п=1 


Real number: с 
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1208. У (a, -ь)-УХа, 3j =A+B 
п=1 pal 


n-l 


1209. Ya, -сУ а,-сА. 


n-l п=1 


11.6 Сопмегдепсе Тезі5 


1210. The Comparison Test 
Let >a, and Y, be series such that 0 «а, <b, for all n. 
п=1 п=1 


. If >b, is convergent then >a, is also convergent. 


п=1 п=1 


. If >a, is divergent then УБ, is also divergent. 


п=1 п=1 


1211. The Limit Comparison Test 
Let >a, and >b, be series such that a, and b, are posi- 


n=1 n=1 


tive for all n. 


. If 0 «lim <o then >a, and >b, are either both 
nose n п=1 п=1 
convergent ог both divergent. 
. If lim? - 0 then >b, convergent implies that >a, is 


dS b п=1 п=1 


also convergent. 


308 


http:/ / fribok.blogspot.com/ 


CHAPTER 11. SERIES 


If lim | = then >b, divergent implies that Уа, 18 
ae n=1 n=1 


also divergent. 


1212. p-series 


oo 1 . 
p-series > о converges for p>1 and diverges for 
n 


n=1 


0<р<1. 


1213. The Integral Test 
Let f(x) be a function which is continuous, positive, and 


decreasing for all х 2 1. The series 


У Ка)- Кава) йно) 


converges if | f(x Мх converges, and diverges if 
1 


n 


[f(x)dx > as п > о. 


1 


1214. The Ratio Test 


Let >a, be a series with positive terms. 


n-l 


. à ME 
If lim = <1 then Уа, із convergent. 
noo а hel 


. а эт 
If lim — >1 then > а, is divergent. 
поо а, fel 


If lima =] then >a, may converge or diverge and 


00 
n— а, па 


the ratio test is inconclusive; some other tests must be 
used. 
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1215. The Root Test 


Let >a, be a series with positive terms. 


n=1 


• If limz/a, «1 then У а is convergent. 
іа, >a, 8 


n-l 


- If іта, >1 then >a, is divergent. 
n> == 


. If іта, =1 then >a, may converge or diverge, but 
n> өсі 


по conclusion сап Бе drawn from this test. 


11.7 Alternating Series 


1216. The Alternating Series Test (Leibniz’s Theorem) 


Let {a,} be a sequence of positive numbers such that 
а <a, for all n. 
lima, =0. 


no 


Then the alternating series У (іа, апа 335/27 
n-l п=1 


both converge. 


1217. Absolute Convergence 


• A series >a, is absolutely convergent if the series 


п=1 


Ур, is convergent. 


n-l 
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e If the series Уа, is absolutely convergent then it is con- 
n=] 


vergent. 


1218. Conditional Convergence 
A series а, із conditionally convergent if the series is 


n=1 


convergent but is not absolutely convergent. 


11.8 Power Series 


Real numbers: x, x, 


00 00 
. п n 
Power series: У ах 3 Уа, (х = x) 
n=0 n=0 
Whole number: n 
Radius of Convergence: R 


1219. Power Series in x 


по 2 п 
У ах" =a, rax ra x? +... +a, x" +... 


n=0 


1220. Power Series in (x - x, ) 


Уа, (x- x)" =a та (x -x,)- a (x x, +...+a (х-х,) +... 
n=0 


1221. Interval of Convergence 
The set of those values of x for which the function 


f(x)- х а, (х m. y is convergent is called the interval of 
n-0 


convergence. 
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1222. Radius of Convergence 
If the interval of convergence is (x, -R, x, + R) for some 


R20, the В is called the radius of convergence. It is given 
as 


а, 


R=lim or R=lim 


1 
/ > 
non а, no 


аы 


11.9 Differentiation and Integration of Power 
Series 


Continuous function: f(x) 


00 
Power series: Na 
n=0 
Whole number: n 
Radius of Convergence: R 


1223. Differentiation of Power Series 
Let f(x)= Уад" за, тах тах" +... for x|«R. 
n=0 
Then, for |x|<R, f (x) is continuous, the derivative f'(x) 


exists and 


j d d d 
P(x)- aot ax ak +... 


uS 2 EE п-1 
=a,+2a,x+3a,x +...= } пах š 
n=1 
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1224. inr of Power Series 


Let f(x )- Ya," =a тахта х +... for x|«R. 
n-0 


Then, for |x|<R, the indefinite integral Í f(x)dx exists and 
(де = [аах fa, Meus x dx +.. 


x? 
=a „Хх +a, чан 


11.10 Taylor and Maclaurin Series 


Whole number: n 
Differentiable function: f(x) 
Remainder term: К, 


1225. Taylor Series 


«Ўв ar (ae a а) Oma) 


1226. The Remainder After n+1 Terms is given by 
(Е) о ар" 


ME Gat S ахаа, 


1227. Maclaurin Series 
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11.11 Power Series Expansions for Some 
Functions 


Whole number: n 
Real number: x 


2 3 п 


1228. е“ е С а opel 
2 3! п! 


хіпа (xlna) " (хша} 


1! 2! 3! n! 


1229. а: =1+ 


3 5 
1232. Ея (E E zu x»0. 
| 


|х+1 3 x«l 


2 
1233. согх-1-2-22--24::4 
2 4 6! (2а) 
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1234. 


1235. 


1236. 


1237. 


1238. 


1239. 


1240. 


1241. 


CHAPTER 11. SERIES 


3 x` х” ( 1)" 2n4+1 
sin x = x + 
3 5 7 (2n +1)! 
x 2x! 17x’ 62x” T 
tanx=x+ + + + Зээ х|<—. 
15 315 2835 2 
x х? 2x! 2x’ ) 
cotx = + — + + +... чл. 
x (3 45 945 4725 J 
. х? L3x 1.3.5... (20 –1)х^"" 
arcsin X = X + —— + ——— +... + 
2.3 2.4.5 2.4.6...(2п (21 +1) 
|х|<1. 
л | х 1.3х° 1:35... (2n - 1)?" ) 
arccos x = XF + и к 2. ly 
2 | 23 245 2-4-6...(2n)(2n+1) J 
|х| <1. 
5 x x (-1y x?" 
arctan X -X—— + — —— +... МА... |x]<1. 
3 5 7 2n+1 
2 4 6 2n 
дабры б p ssp u ee И 
2 4 б! (2n)! 


3 5 7 2n4l 
Р x 
sinh x = x + — +—+—+4+...+ + 
3 5 7 (2n +1)! 
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11.12 Binomial Series 


Whole numbers: n, m 
Real number: x 


Combinations: "С. 


1242. (1-x) =1+ "Cx + Ол +... + "C x" +... + x" 


1243. "С, = n(n -1)...[n-(m -U]. 


x|«1. 
m! 
1 2 3 
1244. —=1—-x+x —x +..., xh 
1-х 
1 2 3 
1245. "RES =]+x+xX +X +..., x|<1. 
-x 


x x 1-3х° 1-3-5х' 
1246. -1-х =1+ + 48,213 
2 2:4 2.4.6 2-4-6-8 


х| 51. 


2 3 4 
о. 
3 36 369 3690 


11.13 Fourier Series 


Integrable function: f(x) 
Fourier coefficients: a,, а,, b, 
Whole number: n 
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1248. f(x эж У а, cosnx +b, sinnx) 
п=1 


1249. а, с [f(x)cosnx dx 
T -л 


1250. b, = - [f(x)sinnx dx 
Л 


-T 
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12.1 


1251. 


1252. 


1253. 


1254. 


Chapter 12 
Probability 


Permutations and Combinations 


Permutations: "Р. 
Combinations: "С. 
Whole numbers: n, m 


Factorial 
п-1.2:3...(а-2)һ-1)һ 
0!-1 


"P =n! 


Binomial Coefficient 
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1258. 


Row 0 
Row 1 
Row 2 
Row 3 
Row 4 
Row 5 
Row 6 


CHAPTER 12. PROBABILITY 


"Cyt? C + С, +...+ С, =2" 
Pascal’s Triangle 
1 
1 1 
1 2 1 
1 3 3 
1 4 6 4 
1 5 10 10 
1 6 15 20 15 


12.2 Probability Formulas 


1259. 


Events: A, B 

Probability: P 

Random variables: X, Y, Z 

Values of random variables: x, y, z 
Expected value of X: u 

Any positive real number: 6 
Standard deviation: o 

Variance: б” 

Density functions: f(x), f(t) 


Probability of an Event 
m 


where 
m is the number of possible positive outcomes, 
n is the total number of possible outcomes. 
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1260. Range of Probability Values 
0<Р(А)<1 


1261. Certain Event 
P(A)=1 


1262. Impossible Event 
P(A)=0 


1263. Complement 
Р(А)-1-Р(А) 


1264. Independent Events 
P(A/B)=P(A), 
P(B/A)=P(B) 


1265. Addition Rule for Independent Events 
P(A UB)=P(A)+ P(B) 


1266. Multiplication Rule for Independent Events 
P(A ^ В)- P(A)- P(B) 


1267. General Addition Rule 
P(A  B)- Р(А)-- P(B)- Р(А ^ B), 
where 
A UB is the union of events А and B, 
АПВ is Фе intersection of events А and B. 


1268. Conditional Probability 
P(A/B)= P(A r^ B) 


P(B) 


1269. P(A ^ В)- P(B)- P(A/B)- P(A)- P(B/ А) 
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1271 


1272 


1273. 


1274. 
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Law of Total мна 
= PO Р(А/В,) 


where B, is a sequence of mutually exclusive events. 


. Bayes’ Theorem 


Р(В/А)- АЛДАВ) н 


. Bayes’ Formula 


p(B, ЈА) = ВІ) PAB) | 


P(B.)-P(A/B.) 


M: 


= 
|| 
- 


where 

B, is a set of mutually exclusive events (hypotheses), 
A is the final event, 

P(B, ) are the prior probabilities, 

P(B, / A) are the posterior probabilities. 


Law of Large Numbers 
i ын -u 

n 
| 5. -u 
where 


n 
5, is the sum of random variables, 


гаў as п о, 


орч as п > о, 


п is the number of possible outcomes. 


Chebyshev Inequality 
P(X-u|» s)e =>> 


where V(X) is the variance of X. 
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1275. Normal Density Function 


(х-н)? 


э 


where х is а particular outcome. 


1276. Standard Normal Density Function 


Figure 210. 


1277. Standard Z Value 
z.X-M 
б 


1278. Cumulative Normal Distribution Function 
x _(t-u)° 


[e 2° dt, 


в) = 
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where 
x is a particular outcome, 
t is a variable of integration. 


1279. рых <р) 28) ев 
б б 
where 
X is normally distributed random variable, 
Е із cumulative normal distribution function, 
P(a < X <В) is interval probability. 


1280. P(X- и <е)= "В | 
б 
where 
X is normally distributed random variable, 
Е is cumulative normal distribution function. 


1281. Cumulative Distribution Function 


(x)= P(X <x)= | Комі, 


—00 


where t is а variable of integration. 


1282. Bernoulli Trials Process 


н-ар , o° “пра, 

where 

n is a sequence of experiments, 

p is the probability of success of each experiments, 
q is the probability of failure, 4-1-р. 


1283. Binomial Distribution Function 


b(n, p,q) = | | p'q"*, 


n 


k 
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1285. 


1286. 


1287. 


CHAPTER 12. PROBABILITY 


н пр, o° “пра, 
f(x)=(q+pe*)’, 


where 

n is the number of trials of selections, 
p is the probability of success, 

4 is the probability of failure, 4-1-р. 


Geometric Distribution 
P(T=j)=q" p, 
1 
Tg o? = a » 
р р 
where 
Т is the first successful event is the series, 
j is the event number, 
p is the probability that any one event is successful, 
4 is the probability of failure, 4-1-р. 


Poisson Distribution 
k 


P(X-k)s e", À =0р, 


u=, 0 =À, 

where 

À is the rate of occurrence, 

kis the number of positive outcomes. 


Density Function 


P(a <x <Ъ)= ff(x)äx 


Continuous Uniform Density 
f- 1 _а+ђ 
b-a' й 2 ”/ 
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where f is the density function. 


1288. Exponential Density Function 
Пеле t, =A, 0 =% 
where t is time, À is the failure rate. 


1289. Exponential Distribution Function 
F(t)=1-e™, 
where t is time, A is the failure rate. 


1290. Expected Value of Discrete Random Variables 
u= E(X) = У хр, , 
1=1 


where х, із а particular outcome, р, 15 #5 probability. 


1291. Expected Value of Continuous Random Variables 
= E(X)= [дах 


1292. Properties of Expectations 
E(X+Y)=E(X)+E(Y), 
E(X - Y)- E(X)- E(Y), 
E(cX)=cE(X), 
E(XY)=E(X)-E(Y), 
where c is a constant. 

1293. E(X^)- V(X)«w, 
where 


u= E(X) is the expected value, 
V(X) is the variance. 
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1294. Markov Inequality 


P(x>k)< 00, 


where k is some constant. 


1295. Variance of Discrete Random Variables 
e? -v(x)- Ех -uy]- Xx - up. 
1-1 
where 


x, isa particular outcome, 
р; is its probability. 


1296. Variance of Continuous Random Variables 


e! =V(x)=E[(x -и)]- [пух 


-00 


1297. Properties of Variance 
V(X+Y)=V(X)+V(Y), 
V(K-Y)=V(X)+ V(Y), 
V(X 4 c)» V(X), 
V(cX)=c’V(X), 
where c is a constant. 


1298. Standard Deviation 


р(х)= МОЈ = /E[X и) | 


1299. Covariance 
cov(X,Y)= E(X - n(x)XY – u(Y))]- E(xY)- u(X)u(Y), 
where 
X is random variable, 
V(X) is the variance of X, 
и is the expected value of X or Y. 
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1300. Correlation 
cov(X,Y) 
X,Y)-——————; 
ая гас 
where 


v(x) is the variance of X, 
V(Y) is the variance of Y. 
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